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FOREWORD 


Electronic  analogues  have  often  been 
properties  of  Josephson  effect  devices.  1 
limited  to  modelling  the  adiabatic,  resistively-shunted  junction  theory 
of  the  Josephson  effects.  An  electronic  analogue  has  been  built  which 
models  the  more  sophisticated  theory  developed  by  Werthamer  for  super¬ 
conducting  tunnel  junctions.  This  analogue,  based  on  a  phased- lock  loop 
design,  includes  high  frequency  and  energy  gap  effects,  nonlinear 
quasiparticle  tunnelling,  the  Riedel  peak,  the  cosine  phi  term,  and  the 
effects  of  nonzero  temperature. 

This  dissertation  starts  with  susmaries  of  both  the  resistively-shunted 
junction  (RSJ)  theory  and  the  Werthamer  theory.  A  review  of  existing 
analogues  is  presented,  and  is  followed  by  a  discussion  of  the  design  and 
use  of  an  analogue  of  the  RSJ  model.  Results  include  current-voltage 
characteristics  measured  under  a  variety  of  conditions,  measurements  of  the 
high  frequency  impedance  of  the  device,  and  observations  of  the  plasma 
resonance. 

The  simulation  of  the  Werthamer  theory  is  discussed  in  detail.  Much 
attention  is  given  to  the  synthesis  of  the  electronic  filters  which  model 
the  temperature  dependent  response  functions  of  a  superconductor .  There  is 
also  a  discussion  of  the  accuracy  of  the  analogue.  Results  obtained  with 
the  analogue  include  measurements  similar  to  those  above.  Additional 
results  coop  are  the  performance  of  the  analogue  with  digital  calculations, 
and  with  measurements  of  actual  tunnel  junctions. 

There  is  additional  discussion  of  the  Werthamer  theory,  with 
particular  emphasis  on  the  frequency  dependence  of  the  cosine  phi  term. 
Theoretical  results,  supported  by  measurements  made  with  the  analogue, 
suggest  that  widely  accepted  interpretations  of  cosine  phi  measurements 
made  on  tunnel  junctions  may  be  in  error. 

The  paper  concludes  with  a  comparison  *  RSJ  and  werthamer  theories, 

an  assessment  of  the  performance  of  the  ana.  *nd  suggestions  for 

future  work. 

Two  appendices  discuss  a  technique  for  fabricating  superconducting 
tunnel  junctions,  and  the  use  of  these  and  other  Josephson  devices  for 
microwave  applications.  A  third  appendix  describes  various  details  of 
the  electronic  design  of  the  analogue  in  detail.  The  remaining  appendix 
ie  a  reprint  of  a  paper  by  the  author  which  describes  the  prototype  of 
the  analogue. 
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CHAPTER  1 
INTRODUCTION 

1.1  Introduction 

The  Josephson  effects *  which  arise  as  a  result  of  the  tunnelling  of  Cooper 

pairs  between  weakly-coupled  superconductors,  are  not  only  an  extreaely 

important  tool  in  the  investigation  of  superconductivity*  but  also  find 

application  in  such  diverse  areas  as  aagnetoaetry*  voltage  aeasureaent, 

high-speed  digital  switching*  and  low-noise  aicrowave  detection.1.  However* 

the  effects  are  often  difficult  to  observe*  and  the  various  theories  that 

describe  the  effects  are  highly  nonlinear  and  difficult  to  use.  Even  with  the 

2 

help  of  high-speed  digital  coaputers#  calculations  are  foraidable. 

The  Josephson  effects  are  siailar  in  aany  respects  to  the  behavior  of  an 
electronic  phase-lock  systea.  In  fact*  aany  of  the  properties  of  Josephson 
devices  were  discussed  in  the  context  of  color  television*  1M  radio*  and  radar 
long  before  the  Josephson  effects  were  predicted  in  1962. 3  In  1973*  Bak  and 
Perdersen  built  an  analogue  of  the  Josephson  effects  based  on  a  phase-locked 
loop.4  This  widely  used  analogue  provides  a  relatively  siaple*  fast*  and 
inexpensive  way  to  get  results  that  would  be  quite  elusive  in  any  but  the  aost 
complicated  coaputer  calculations. 

The  Bak  analogue  aodels  the  widely  used  resistively-shunted  junction*  or 
RSJ  aodel  of  Josephson  tunnelling.  In  this  aodel*  the  total  current  through  a 
Josephson  junction  is  considered  to  be  the  sua  of  a  noraal  current*  which  is 
proportional  to  the  junction  voltage*  and  a  supercurrent*  which  is  proportional 
to  the  sine  of  the  phase  difference  in  the  superconducting  order  paraaeter 
across  the  junction.  The  RSJ  aodel  is  a  good  approxiaation  to  the  behavior  of 
certain  types  of  Josephson  devices*  aost  notably  superconducting  aicrobridges. 
But  it  neglects  aany  iaportant  aspects  of  the  theory  of  superconducting  tunnel 
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junctions.  In  particular*  it  neglects  the  voltage*  temperature*  and  frequency 
dependence  of  the  tunnelling  parameters*  and  the  effects  of  the  superconducting 
energy  gap.  It  does  not  take  into  account  that  the  resistance  associated  with 
the  normal  current  in  a  tunnel  junction  is  nonlinear*  and  that  there  is  an 
additional  current  which  is  proportional  to  the  cosine  of  the  phase  difference 
across  the  junction. 

A  concise*  yet  more  detailed  theory  of  the  superconducting  tunnel  junction 
that  includes  all  of  these  factors  has  been  available  for  many  years.5 
Several  people  have  performed  extensive  digital  calculations  based  on  this 
theory*  but  it  seems  safe  to  say  that  this  theory  has  not  been  widely  used  or 
understood*  except  in  the  most  academic  circles.  Given  the  large  amount  of 
scientific  interest  in  superconducting  tunnel  junctions*  along  with  their  many 
technological  applications*  there  seems  to  be  a  clear  need  for  an  attempt  to 
make  this  theory  more  tractable. 

In  1976*  Waldram  proposed  a  scheme  for  an  electronic  analogue  that  would 
model  this  theory.*  The  scheme  is  based  on  an  electronic  phase-locked  loop, 
but  differs  substantially  from  the  system  used  by  Bak  and  Pedersen.  The  loop 
contains  sophisticated  filters  that  model  the  response  functions  of  the 
superconductors  between  which  tunnelling  occurs.  These  filters  are  arranged  in 
such  a  way  that  both  the  phase  dependent  Josephson  tunnelling  and  the  nonlinear* 
but  phase  independent  quasiparticle  tunnelling  are  simultaneously  modelled.  All 
of  the  dynamic  effects  associated  with  the  junction  are  implicit  in  the  design. 
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An  analogue  based  on  Waldraa's  scheae  would  complement  the  existing 
computational  tools  tot  investigating  the  high  frequency  theory.  However,  to 
the  author's  knowledge,  there  has  been  no  previous  attest  to  build  one.  This 
thesis  describes  the  theory,  design,  construction,  and  use  of  such  a  device. 

1. 2  S  uana  ry 

Chapter  2  is  a  brief  discussion  of  the  RSJ  and  high  frequency  theories  of 
the  Josephson  effects.  i%is  is  an  overview,  and  is  concerned  primarily  with 
the  phenomenological  aspects  of  the  theories,  as  opposed  to  their  original 
derivations. 

Chapter  3  introduces  the  subject  of  electronic  simulation  of  the  RSJ 
aodel.  A  review  of  previous  work  done  by  others  is  followed  by  a  discussion  of 
the  design  and  use  of  a  simple  RSJ  analogue.  Results  are  presented  which 
illustrate  the  basic  Josephson  effects  outlined  in  Chapter  2. 

Chapter  4  describes  the  first  successful  attespt  to  inpleaent  Wald ram's 
scheae  for  modelling  the  high  frequency  theory.  Much  attention  is  given  to  the 
design  and  construction  of  the  electronic  filters  which  aodel  the 
superconducting  response  functions.  Although  the  results  are  limited  to  the 
case  where  the  teaperature  of  the  junction  is  sero,  they  represent  a  substantial 
iaproveaent  over  results  obtainable  using  the  RSJ  theory. 

Chapter  5  continues  the  discussion  of  the  high  frequency  theory.  Many 
aspects  of  the  underlying  physics  that  were  neglected  in  Chapter  2  are 
presented.  Zn  particular,  the  quantua  aspects  of  the  theory  are  emphasized. 
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Chapter  6  is  concerned  solely  with  a  problem  concerning  what  is  known  as 
the  cosine  phi  term.  This  is  a  topic  that  appears  throughoput  this  work, 
starting  in  Chapter  2,  and  which  is  of  considerable  academic  interest.  The 
chapter  contains  several  calculations  which,  to  the  author's  knowledge,  have  not 
been  done  before. 

Chapter  7  describes  the  design  of  electronic  filters  which  enable  the 
analogue  to  simulate  the  Josephson  effects  at  finite  temperature.  This  is  an 
important  accomplishment,  as  these  filters  expand  the  usefulness  of  the  analogue 
considerably. 

Chapter  8  deals  with  the  accuracy  of  the  analogue.  The  possible  sources  of 
error  are  presented,  and  discussed  in  turn.  Various  improvements  to  the 
analogue  are  described. 

Chapter  9  is  a  collection  of  results  obtained  using  the  improved  analogue. 
Unlike  the  results  presented  in  Chapter  4,  the  data  here  is  often  quantitative. 
Apparent  anomalies  in  the  previous  results  are  reinvestigated  and  discussed  in 
detail.  Many  of  the  results  are  compered  with  data  obtained  by  others  from 
digital  computations  and  measurements  of  real  tunnel  junctions.  The  agreement 
is  generally  good,  and  illustrates  the  versatility  of  the  analogue.  Results  are 
presented  in  which  the  analogue  models  are  tunnelling  at  finite  temperature. 
These  are  the  first  of  their  kind,  and  include  measurements  which  support  the 
theory  and  calculations  presented  in  Chapter  6. 

Chapter  10  is  a  summary  of  the  dissertation,  and  includes  suggestions  for 
work  that  might  be  undertaken  in  the  future.  This  is  followed  by  a  series  of 
appendices  (Appendices  A,  B,  C,  and  D)  which  either  elaborate  upon  the  previous 
chapters  or  present  work  related  only  indirectly  to  the  rest  of  the  paper. 


CHAPTER  2 


THEORY  OF  THE  JOSEPHSON  EFFECTS 

2.1  Types  of  Josephson  Devices 

Before  discussing  the  theory  of  the  Josephson  effects#  it  seems  worthwhile 
to  discuss  briefly  the  various  types  of  Josephson  devices.  Figure  2-1  shows  a 
superconducting  tunnel  junction;  a  superconductor-normal-superconductor#  or  SMS 
junction;  a  constriction  aicrobridge  (also  known  as  a  Dayem  bridge  or  just 
microbridge);  and  a  point-contact  junction.  Each  device  is  aade  of  two 
weakly-linked  superconductors#  such  that  the  behavior  of  each  superconductor 
influences  that  of  the  other#  but  only  as  a  perturbation. 

The  superconducting  tunnel  junction  (Figure  2-la)  consists  of  two 
superconducting  electrodes  which  overlap  over  a  saall  cross-sectional  area. 

They  are  separated  by  a  very  thin  insulating  barrier#  which  is  typically  an 
oxide  of  one  of  the  Metals  forming  the  electrodes#  and  is  only  tens  of  AngstraiM 
thick.  The  junction  is  at  aost  only  fractions  of  a  millimeter  on  a  side#  and 
often  nuch  smaller.  The  electrodes  are  usually  deposited  onto  an  insulating 
substrate  using  conventional  thin-film  techniques#  the  base  electrode  being 
allowed  to  oxidise  prior  to  the  deposition  of  the  counterelectrode.  Provided 
that  the  electrodes  are  large  compared  to  the  penetration  depth  and  coherence 
length  of  the  superconductors  forming  the  junction#  they  can  be  of  any  thickness 

Figure  2-lb  shows  an  SMS  junction.  This  is  identical  to  the  tunnel 

o 

junction#  except  that  in  place  of  the  oxide  there  is  approximately  1000  A  of 
non-superconducting  metal.  Meedless  to  say#  this  is  a  low  resistance  device. 
Aside  from  investigations  of  the  bssic  physics  of  the  device#  it  has  few 
applications. 
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2-Id  POINT  CONTACT 


FIGURE  2-1 .  TYPES  OF  JOSEPHSON  DEVICES 


Figure  2-lc  shows  a  constriction  microbridge.  Although  this  looks  like  a 
short  circuit*  the  bridge  is  sufficiently  small  (only  microns  wide)  that  the 
junction  behaves  as  two  weakly-linked  superconductors/  and  not  as  one  bulk 
superconductor.  Proper  tunnelling/  as  it  occurs  in  a  tunnel  junction/  does  not 
occur  in  the  microbridge.  Hence/  many  aspects  of  the  theory  of  superconducting 
tunnel  junctions  are  not  applicable. 

The  last  sketch  (Figure  2-ld)  shows  a  point-contact  junction.  This 
consists  of  a  sharpened  point  of  one  superconductor  pressed  against  a  polished 
flat  of  another.  Depending  on  the  shape  and  size  of  the  point/  and  the  nature 
of  any  oxide  barriers  present,  this  device  can  exhibit  properties  of  both  a 
microbridge  and  a  tunnel  junction. 

2.2  Basic  Theory  of  the  Josephson  Effects. 

When  discussing  the  Josephson  effects,  one  is  usually  interested  in  how  the 
current  through  a  Josephson  junction  is  related  to  the  voltage  across  it.  The 
relationship  between  the  two  quantities  is  usually  nonlinear,  and  either  the 
voltage,  current,  or  both  will  be  functions  of  time. 

The  discussion  that  follows  begins  with  an  expression  for  the  current 
through  a  superconducting  tunnel  junction*  This  equation,  derived  by 
Werthamer,5  is  a  generalization  of  Josephson 's  original  calculation7  to  the 
case  where  both  the  current  and  voltage  can  be  rapidly  varying  functions  of  time 
(hence  it  is  often  referred  to  as  the  "high-frequency  theory").  Werthamer's 
equation  is  of  considerable  interest  because  it  contains  details  essential  to 
the  understanding  of  the  physics  of  a  Josephson  tunnel  junction,  and  because  it 
describes  many  aspects  of  the  behavior  of  real  devices  that  are  not  accounted 
for  in  simpler  models.  This  thesis  is  largely  about  the  electronic  synthesis  of 


this  equation 


▼ 
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The  current  through  a  superconducting  tunnel  can  junction  be  written  as 


I(t)  ■  Im  exp(-i£(t)) J  explicit' ) (t  -  t')dt' 


exp(i£(t ))J  exp(i^(t‘) j2(t  -  t)dt' 


(2-1) 


The  quantity  4  is  the  phase  difference  between  the  macroscopic  quantum 
wave  functions  of  the  superconductors  between  which  tunnelling  occurs.  The 
derivative  of  +  with  respect  to  tine  is  related  to  the  voltage  across  the 
junction  by 


d£  _  2eV 

dt  “  fi  (2-2) 

where  e  and  ft  are  the  electronic  charge  and  Planck's  constant. 

jj^t)  and  j2(t)  are  temperature  dependent  response  functions  that 
describe  the  superconductors  in  terms  of  the  gap  parameter ,  density  of  states, 
Fermi  factors,  etc.  In  particular,  j2(t)  describes  the  supercurrent  terms 
first  predicted  by  Josephson,7  while  j^(t)  describes  the  nonlinear 
tunnelling  of  quasiparticles.*  If  the  junction  is  at  a  temperature  higher  than 
the  transition  teoqperature  of  either  of  the  superconductors,  j2(t)  will  be 
zero.  If  neither  of  the  electrodes  is  superconducting,  then  j^tt)  will  reduce 
to  a  form  consistent  with  that  expected  for  a  metal-insulator-metal  tunnel 
junction. 


*Quasiparticles  are  elementary  excitations  of  the  superconducting  ground  state 
which  obey  Fermi  statistics. 


2-4 
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If  the  voltage  V  is  held  constant,  we  may  write 

A  #  (t)  ■  at 
2 

where 

hu  *  ev* 

Equation  2-1  becomes 

I  (V)  -  Im  Ji(u>)  +  sin#  Re  J2<u)  +  cos#  Im  J2<u)  (2-3) 

where  Ji(w)  and  J2(w)  are  the  Fourier  transforms  of  jx(t)  and 
j2(t).  The  following  points  should  be  noted. 

1.  There  is  a  direct  correspondence  between  w  and  v  when  V  is  constant. 

2.  J2(w)  describes  the  Josephson  currents.7 

3 .  Im  J^(u)  describes  the  ordinary  tunnel  current.  If  Im  J^(u)  is 
proportional  to  to,  then  this  term  is  equivalent  to  an  Ohmic  resistance  where  I  a  V. 

4.  Re  J^u)  does  not  affect  the  current  if  V  is  constant. 

Two  simplifications  of  equation  2-3  are  worth  discussing.  If  we  set 
Im  Jx (to)  a  to ,  Re  J2(to)  ■  Re  J2(0)  *  constant,  and  Im  J2(to)  »  0,  we 

have 


I(V)  -  <j0  V  +  Ij  sin  #  (2-4) 

ImJ.  (w) 

where  aQ  •  1  Ij  -  Re  J2<0) 

This  is  the  resistively-shunted  junction,  or  RSJ  model.  There  is  no  limit 
in  which  the  RSJ  model  is  theoretically  correct,  but  it  is  nevertheless  a  quite 
useful  model.  Firstly,  it  describes  most  of  the  Josephson  effects  by  means  of 


*m  is  one  half  the  usual  Josephson  frequency 
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an  equation  that  is  far  simpler  than  equation  2-1.  Secondly#  it  is  often  a 
reasonable  approximation  to  the  behavior  of  certain  types  of  Josephson  devices# 
notably  point-contacts  and  microbridges. 

A  compromise  between  the  RSJ  and  Werthamer  equations  is  obtained  by  letting 
Im  »  Zm  J2(w)  ~  u.  At  nonzero  temperature #  for  small  voltages  and 

frequencies#  this  is  a  reasonable  approximation.  The  expression  for  the  current 
becomes 

I(V)  -  ocV  +  ojVcos*  +  Ij  sint  (2-5) 

where  aQ  and  are  regarded  as  being  constant. 

The  basis  for  this  assumption  is  that  the  ratio  Im  J2(«)/Im  J.t  (w ) 

a 

is  approximately  constant  at  low  frequencies#  and  that  despite  their 

nonlinearity  in  other  regions#  Im  J^fu)  and  Im  J2(u)  are  approximately 

linear  near  w  ■  0.  However#  this  is  only  true  at  nonzero  temperature#  as  both 

im  J^w)  and  Im  J2  (u )  are  zero  at  low  frequencies  at  T  »  0. 

The  term  a^Vcost ,  known  as  the  quasiparticle-pair  interference  term 

or  simply  the  cost  term#  has  been  the  subject  of  much  attention.  Josephson's 

original  calculations  shown  to  be  a  positive  quantity#  approach  +1 

at  low  temperatures.7  Experiments  indicate  that  the  sign  is  either 
9  10 

negative#  or  varies  with  temperature.  The  prediction  that  a  /a 

l  o 

■  +1  is  the  only  one  of  Josephson's  original  predictions  that  is  inconsistent 
with  experimental  observations.** 


r 


D 
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2.3  Tunnelling  Parameters 

For  a  tunnel  junction#  the  parameters  I,  and  a  in  the  RSJ  equation 

J  o 

are  related  via  the  superconducting  energy  gap.*  For  a  junction  comprised  of 
identical  superconductors #  we  have 


Ij%  -  liili.  tanh  lill  (2-6) 

J  2e  2KT 

where  A(T)  is  the  temperature  dependent  energy  gap  parameter.  Xj  is  known 
as  the  critical  current#  and  Rg  the  normal-state  resistance.  (This  is  the 
resistance  that  would  be  measurable  at  a  temperature  just  above  the  transition 
temperature  of  the  junction.)  In  the  RSJ  modal#  <jq  is  usually  taken  to  be 

1/V 

At  T  «  0, 

ij%  -  insi  (2-7) 


For  many  superconductors#  Mo)  can  be  approximated  by 

Mo)  -  1.76  KTC 

where  K  is  Boltzman's  constant  and  T  is  the  transition  temperature  of  the 

c 

12 

superconductor.  For  a  junction  comprised  of  different  superconductors# 

A (0)  is  replaced  by 


ttA 

2e 


2A1A2 

A1+A2 


(2-8) 


where  the  subscripts  refer  to  the  different  superconductors. 

For  a  typical  tunnel  junction#  A/e  is  a  few  millivolts#  Ij  is 
approximately  1  mA#  and  IL.  is  about  1  ohm.  These  last  two  parameters  can  vary 


*Xt  is  important  to  note  that  Xj  is  dependent  on  magnetic  field.  For  an 
applied  magnetic  field  6#  Xj  a  (sinir$)/v<&  (Reference  6). 


2-7 
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by  orders  of  magnitude  in  either  direction/  depending  on  the  size  of  the 
junction  and  the  thickness  of  the  oxide  barrier.  The  degree  to  which  the 
measured  product  agrees  with  equation  2-7  is  often  taken  as  a  figure  of 

merit. 

Hie  capacitance  associated  with  a  tunnel  junction  is  not  insignificant.  It 
is  typically  between  1  pF  and  1  nF.  The  RC  time  constants  are  quite  short/ 
indicating  that  a  Josephson  junction  can  respond  very  quickly  to  changes  in 
voltage  or  current.  However/  it  is  important  to  realize  that  R^  does  not 
reflect  the  strong  nonlinearity  in  junction  resistance  that  exists  in  tunnel 

2  A 

junctions.  At  voltages  less  than  the  gap  voltage  —  the  effective 
resistance  of  the  junction  can  be  orders  of  magnitude  higher  than  R^. 
Consequently#  the  relevant  RC  tisM  constant  may  be  orders  of  magnitude  larger 
than  anticipated. 

The  quantity  2eIJR^/h  can  be  regarded  as  a  characteristic  frequency  of 

a  Josephson  device.  Given  that  2e/h  is  483  x  10 6  MHz/volt#  this  wV>f»enr.sor. 

frequency  is  typically  hundreds  of  GHz.  The  average  power  level*  associated 

2 

with  Josephson  junctions  are  very  small.  The  quantity  XJRN  might  be 

10~6  watts#  but  practical  considerations  limit  the  useful  amount  of  power  that 

one  can  put  into/  or  get  out  of  the  device#  to  nanowatts  or  less. 

We  can  see  that  a  Josephson  junction  behaves  as  a  low  power#  high-speed# 

nonlinear  device.  As  it  operates  at  cryogenic  temperatures#  it  is  also  expected 

to  be  a  low-noise  device.  Consequently#  there  has  been  much  interest  in  the  use 

1  „ 

of  Josephson  junctions  for  low-noise  millimeter  wave  applications.  Because 
of  their  high  speed  and  low  power  consumption#  they  are  also  being  exploited  for 
digital  switching  applications.^3 
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2.4  The  Josephson  Effects 

We  are  now  in  a  position  to  describe  the  basic  Josephson  effects  in  the 

context  of  the  RSJ  model.  These  are  listed  briefly: 

1.  The  DE  Josephson  effect;  for  V  ■  0 ,  54-  ■  0 ,  and  4  is  constant. 

dt 

The  RSJ  Equation  becomes 

I  -  I_sin$  (2-9) 

This  DC  supercurrent  exists  for  )l|  <  IJ#  the  critical  current  of  the 
junction.  This  is  an  unexpected  result,  particularly  in  the  case  of  a  tunnel 
junction,  where  the  oxide  barrier  is  clearly  an  insulator. 


2.  The  AC  Josephson  effect;  if  V  is  constant,  4  *  2eVtf  and 

h 


(2-10) 


The  current  oscillates  at  a  frequency  2eV/h.  However,  this  has  no  effect  on  the 
time  average  current-voltage  characteristic  of  the  junction,  which  is  shown  in 
Figure  2-2a.  The  DC  Josephson  effect  is  represented  by  a  current  spike  at 
V  ■  0.  In  a  real  experiment,  the  source  impedance  is  never  truly  zero,  and  the 
spike  will  appear  as  the  structure  shown  in  the  inset. 


3.  The  inverse  AC  effect;  an  externally  applied  AC  voltage  can  phase  lock 
to  the  internal  Josephson  oscillations  described  above.  This  occurs  when  the  DC 
voltage  is  V  ■  nhu/2e,  where  u  is  the  applied  frequency.  The  effect  on  the 
time-average  current-voltage  characteristic  is  to  add  supercurrent  spikes  at 
these  voltages,  as  shown  in  Figure  2-2b.  The  amplitudes  of  these  spikes  are 
proportional  to 


(2-11) 
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2-2c.  CURRENT  BIAS 
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2-2b.  VOLT AGE  BI  AS  WITH  RF 


2-2d.  VOLTAGE  VS.  TIME 
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I  -  l0  +  AC08WT 


2-2*.  CURRENT  BIAS  WITH  RF 


7  l>  CONSTANT 

I  C#0 

2-2f.  EFFECT  OF  SHUNT  CAPACITANCE 


FIGURE  2-2.  SOLUTIONS  TO  THE  RSJ  EQUATION 
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where  V  ^  and  a  are  the  amplitude  and  frequency  of  the  applied  AC  voltage. 

2eV 

is  a  Bessel  function  of  the  first  kind,  and  the  integer  n  is  given  by  . 


The  effects  described  above  were  derived  assuming  the  voltage  was  the 
independent  variable  in  the  RSJ  equation.  If  we  treat  I  as  the  independent 
variable,  we  must  expect  the  effects  to  be  modified. 

4.  For  I  ■  constant,'*'4 

|l|<  ljt  V  -  0  (2-12a) 


III 


Ij,  V  -  V 


where 


cos  nu, 


V  -  «Vl2  -  I2  (agn  I) 
J 


( 2—1 2b ) 

(2-12c) 

(2-12d) 


V  is  the  time  average  voltage.  This  is  plotted  against  I  in  Figure  2-2c.  V(t) 
is  plotted  in  Figure  2- 2d  for  three  different  values  of  IDC/IJ*  Note  that 
for  low  values  of  1^,,  the  Josephson  oscillations  are  non-slnusoidal. 

5.  If  I  «  ”  x^cosut,  there  will  be  current  steps  in  the  time 

average  I-V  curve  at  the  voltages  V  ■  nhw/2e.  The  heights  of  these  steps  will 
vary  as  a  function  of  in  an  approximately  Bessel  function  like  fashion. 
These  steps  are  shown  in  Figure  2-2e. 

If  there  is  a  capacitance  associated  with  the  junction,  the  RSJ  equation 
becomes 


I  -  Xjsint  ♦  1  +  C  SI 
*  R  dt 


(2-13) 
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The  capacitance  makes  the  time  average  Z-V  curve  appear  hysteretic.  This  is 
shorn  in  Figure  2-2f.  Zn  the  above  equation,  the  sin*  term  can  be  regarded  as 
a  phase  dependent  inductance 


L  -  - £ -  (2-14) 

2eZjcos# 

Zf  the  DC  voltage  is  zero,  and  the  AC  voltages  and  currents  are  small 

enough  that  «  2eV^/6«,  then  L  can  be  treated  as  a 

constant  inductance  L  ,  given  by 

o 


2eZjcos*0 


(2-15) 


where  is  determined  by  the  DC  current  through  the  junction.  Taking  the 
capacitance  into  account,  the  junction  behaves  as  a  parallel  RZ C  network  with 
resonant  frequency  and  Q  given  by 


This  is  known  as  the  plasma 


*2 

P 


2eZ_cos# 

J  o 

■he 


Q  -  »pCR 


resonance. 


(2-1 6a) 

(2-1 6b) 


2.5  Properties  of  the  High  Frequency  Theory 

Zn  many  respects,  the  high  frequency  theory  given  by  equation  2-1  is  quite 
similar  to  the  RSJ  model.  The  DC  supercurrents,  RF  induced  steps,  and  the 
shapes  of  the  time  average  Z-V  curves  are  qualitatively  the  same.  However,  the 
resistance  R  is  highly  nonlinear  and  has  a  reactance  associated  with  it,  the 
cos#  term  is  important,  and  the  critical  current  Ij  diverges  at  a  voltage 
related  to  the  superconducting  energy  gap.  All  of  these  effects  are  determined 

by  the  temperature  dependent  response  functions  j^(t)  and  j2(t). 
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The  physical  significance  of  thssa  response  functions  is  evident  frosi  an 
examination  of  the  Vburier  transforms  J^(u)  and  J^Cw).  These  are 
sketched  for  positive  frequency  and  sero  temperature  in  Figure  2-3. 
Corresponding  analytic  expressions  are  given  by  Werthamer.5  For  nonzero 
temperatures ,  no  analytic  expressions  exist,  and  J^(m)  and  J2<w)  must 
be  calculated.  This  had  been  done  by  Harris, Shapiro,17  Schlup,18 
and  Foulsen.19 

With  reference  to  equation  2-3,  we  see  that  Xm  is  the  amplitude 

of  the  normal,  or  quasiparticle  current.  When  the  junction  voltage  is  constant 
m  is  equivalent  to  eV/h,  and  Im  (»)  can  be  written  as  Im  J^(V).  Note 
that  the  shape  of  Im  J^(u)  corresponds  to  the  shape  of  the  current-voltage 
characteristic  one  would  expect  for  a  voltage  biased  tunnel  junction,  where  at 
T  ■  0,  no  current  flows  for  voltages  less  than  the  gap  voltage  2A/e. 

Re  J2(«) ,  which  is  finite  even  at  sero  frequency  and  voltage,  is  the 
amplitude  of  the  Josephson  supercurrent.  This  is  related  to  the  quasiparticle 
current  via  the  product,  where 


Re  J  (0) 

XjRg  -  - 1 - 

ImJiU)  e 


(2-17) 


This  relates  the  slope  of  Xm  J^w)  at  high  frequency  to  the  value  of 
Re  J2(u»)  at  zero  frequency. 


The  functions  Re  and  Zm  J2<u)  are  related  to  In 

and  Re  J2(u)  via  the  Kramers-Kronig  relations.  Re  is  a 

reactive  term  associated  with  the  dynamic  response  of  Xm  (u) ,  and 


does  not  affect  the  current  when  the  voltage  is  constant.  Xm  J2<»)  is  the 
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amplitude  of  the  coat  currant.  The  divergence  of  Re  J^(»)  and  Re 

J2(»)  at  the  gap  frequency  ia  related  to  the  logarithaic  divergence  of  the 

denaity  of  atatea  in  a  auperconductor  on  either  aide  of  the  energy  gap. 

In  the  RSJ  aodel#  it  ia  assuaed  that  Re  J2(w)  -  Re  J2(0).  This  is  a 

good  approxiaation  for  voltages  «  2A,  and  frequencies  «  2A.  Under 

a  “ft 

these  conditions#  it  ia  also  reasonable  to  neglect  the  cost  tern,  as  la 
J2(w)  -  0.  However#  the  RSJ  aodel  also  assuaaa  that  Za  J^w)  ia  linear 
for  all  frequencies  and  voltages#  which  is  not  true  at  T  ■  0. 

At  nonsero  teaperatures#  the  functions  J^(w)  and  J2(a>)  are  aodifled 
in  three  respects.  First#  the  gap  frequency  decreases#  causing  the  divergences 
and  discontinuities  in  Figure  2-3  to  shift  to  the  left.  Second,  the  solitudes 
of  the  functions  will  decrease.  Third#  there  will  be  filled  states  above  the 
energy  gap#  so  that  Za  J^w)  and  Xa  J2(w>  will  be  nonsero  below  the  gap 
frequency. 

Figure  2-4  shows  a  sketch  of  Harris'  calculations  for  J^u)  and 

Jn(u)  at  T/T  -  .7#  where  T  is  the  transition  teaperature  of  the 
2  c  c 

junction.8  note  that  Za  J^w)  is  approsiaately  linear  for  aaall 
frequencies#  which  is  one  of  the  conditions  assuaed  in  the  RSJ  aodel.  But  now 
Za  J2(w)  nonzero#  so  even  at  finite  teaperatures#  there  is  no  Halt  in 
which  the  RSJ  aodel  is  strictly  valid. 

Xf  the  junction  is  coaprised  of  two  different  superconductors,  the 
functions  will  diverge  at  a  frequency  given  by  (A^  *  A2)/h.  There  will 
be  additional  structure  in  the  functions  at  a  frequency  (A^  -  A2)/4t. 

McDonald#  et  al.  have  calculated  the  DC  X-V  curves  for  a  current  biased 
junction  using  the  Werthaaer  model.2  Their  result  is  shown  in  Figure  2-5. 
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The  divergence  at  V  ■  2 A/e  is  known  as  the  Riedel  peak,  and  is  directly 
related  to  the  divergence  of  Re  J2C«)  at  u  *  2 A/fi.  As  in  the  RSJ 
model,  the  voltage  varies  nonsinusoidally  when  the  current  is  constant  and 
greater  than  Re  J2<0).  When  an  odd  harmonic  of  the  Josephson  frequency  2eV/h 
is  equal  to  the  gap  frequency  2 t/fi,  the  divergence  in  Re  J2(u)  causes 
extra  structure  in  the  I-V  characteristic.  Whether  this  occurs  for  even 
harmonics  as  well  depends  on  the  nature  of  the  source  impedance  associated  with 
the  junction.5 

Figure  2-6  shows  the  effect  of  shunt  capacitance.  This  capacitance  causes 
the  I-V  curve  to  be  very  hysteretic,  and  the  function  Zm  J^(V)  is  traced  out 
as  the  current  is  decreased  from  a  high  value  to  -  0. 

One  additional  effect  which  is  of  importance  deals  with  photon-assisted 
tunnelling.  If  a  junction  is  biased  with  a  signal 

V  -  v__  ♦  V_  cosm t 
DC  RF 

the  DC  quasiparticle  current  will  be  affected  both  by  the  signal  V  and  the 

Kf 

frequency  dependence  of  la  J^fw).  Specifically,  when  the  voltages  + 

nhf/e  (n  an  integer)  coincide  with  the  gap  voltage  2 A/e,  the  discontinuity  in 

Im  J^(V)  will  cause  a  photon-assisted  tunnelling  step  to  appear  in  the  DC 

21 

current-voltage  characteristic.  These  steps  are  similar  to  the  RF  induced 
Josephson  steps,  and  have  a  Bessel  function  like  dependence  on  V^.  However, 
they  are  spaced  at  voltage  intervals  hf/e  on  either  side  of  the  gap  voltage 
2A/e.  The  Josephson  steps  occur  at  spacings  of  hf/2e  and  are  centered  about 
zero  voltage.* 

*Photon-assisted  tunnelling  is  discussed  in  more  detail  in  chapters  5  and  9. 
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2.6  Calculation  of  the  AC  Impedance  of  a  Tunnel  Junction 

At  this  stage,  it  nay  be  helpful  to  illustrate  how  one  can  perform  simple 
calculations  using  Werthamer's  equation.  One  calculation,  which  is  of 
considerable  interest  in  connection  with  high  frequency  applications,  is  the 
derivation  of  the  small  signal  AC  impedance  of  a  tunnel  junction.  Consider  fcfce 
case  where  the  junction  is  DC  current  biased  within  the  zeroth  order  step,  and 
voltage  biased  with  a  small  RF  signal.  Me  have 


1  ■  Ijy,  +  cos  (tut  +  9) 


(2-18) 


V  ■  A  cos  wt 


Using  ■  2eV/h,  the  phase  is  ♦  •  sinut 

dt  fat 


(2-19) 


For  the  moment,  it  is  convenient  to  rewrite  equation  2-1  in  noncomplex 

notation.  Since  jj^t)  and  j2(t)  can  be  considered  to  be  real  and 
5  8 

causal,  '  the  integrals  in  equation  2-1  can  be  treated  as  simple  convolution 
integrals.  That  is 


r 


t ±i 


e1t(t,) 


j(t-f)  dt* 


r 


*  j  (t-t*)  dt’  * 


j(t) 


(2-20) 


Equation  2-1  can  be  rewritten 


I  (t)  *  cos  4.  (sin  L  *  j 
2  \  2 


(sin  1  *  j  )  -  sin  1  ( cos  1  *  j  ) 

2  y  2  \  2  y 

+  sin  l^cos  *32^  +  008 


(2-21) 


Using  equation  2-19,  we  have 
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cos  1.  «  cos 
2 


cos  ( sin  ut)  -  sin  .^2  sin  (**  sin  ut ] 
2  Vhm  /  2  / 


(2-22b) 


Rather  than  struggle  with  Bessel  functions ,  it  is  best  to  limit  the 


calculation  to  the  case  where 


SL  «  1 

"h(D 


sin  2.  »  sin  .^2  +  cos  ^2,  sinut) 

2  2  2  / 

cos  £«cos  1°  -  sin  1°  si  nut) 

2  2  2  / 


(2-2 2c) 


(2-22d) 


We  can  now  compute  the  convolution  integrals.  The  sign  conventions  used 
in  this  thesis  are  consistent  with  the  definitions 


sinut  *j(t)  ■  sinut  Re  J(u)  +  coaut  Im  J(w) 
cosut  *j(t)  *  cosut  Re  J(u>)  -  sinut  Zm  J(u) 


(2-23a) 

(2-23b) 


Considering  only  the  terms  related  to  the  quasiparticle  current  in 


equation  2-21 , 


I  •  cos  i.  ( sin  1  -  sin  i.  (cos  i.  *  j  4 ) 

QP  2  \  2  /  2  \  2  7 

■  cos  1°  -  sin  Is  sinut] 

l  2  2  \hu  /J  ( 

sin  1°  Re  J^(0)  +  cos  ^2  ^£2  sinu^  Re  J^(w) 
x 

+  cos  Is  (sb  cosut]  Im  J.  (u) 

2  / 


(2-24) 


+  cos  _2  I Sh  cosut)  Im  Ji  (u) 

2  K  1  1 


2-19 


NSWC  MP  81-519 


-  £sin  1 £  +  cos  r(g  sln"t)] 


cos  __ 2  Re  J^(O)  -  sin  _£  sinut j  Re  J^tu) 


_ o  ( eA  sinuti 

—  \^  J 

sin  cosut^  1m  J^(u) 


These  expressions  are  apt  to  put  many  people  off  using  the  Werthamer 
theory.  But  if  higher  order  terms  (i.e.,  anything  not  at  DC  or  u)  are 
neglected,  the  expressions  simplify  considerably.  The  guasiparticle  current 
becomes 


XQP  “ 


St  sinut  ReJi  (u)  -  Re  J-i  (0) 

-hto  L 


(2-25) 


+  St  cosut  Zm  Ji  (u ) 
Ha 


In  a  similar  manner,  the  supercurrent  terms  in  j2(t)  yield 

1sc  =  86  J2(0)  sin*Q 

+  ££.  cos  ^o^Re  J2(w)  +  Re  J2(0)j  sin  wt 


(2-26) 


+  St  cos  60  |la  J2  (wjj 


cos  ut 


At  this  point,  it  is  convenient  to  return  to  complex  notation.  Let 

I  -  Re  |  Xrf  eie}+  I  DC 

v  -  Re|Aelut| 


cosut  ■  Re  eiut 
sinut  ■  Re|-ieXut| 

The  DC  current  is 

I DC  “  R®  sin*o 

and  the  small  signal  AC  admittance  is 


(2-27) 
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.  RF 


Ae 


iut 


i_  £  cos  [ke  J.,  (m)  +  Re  J2(0)| 

i«  ft  L  *■  J 

i_  £  [^Re  Jjfa)  -  ReJ^oJ 


ImJ„  (<*> ) 


+  e  _2 


ft  u 


COS  *o 


.  ImJ.tu) 
+  e  _1_ 


•ft  (i) 


In  the  RSJ  limit. 

Re  J2(u)  “  ReJ2(0)  “  Ij 
Re  Jxtu}  -  ReJi(O)  »  0 
ImJ,  (w) 

£  2  ■  0 
ft  u 


(2-28) 


(2-29) 


e  tmJl(0,)  .  1 
ft  w  R|j 

Thus  the  DC  current  is  just 

IpC  “  2J  sin*0  (2— 30a) 

The  AC  admittance  reduces  to 

i_  -  1-  +  1  (2-30b) 

Rj  R*  iuLj 

where  Lj  »  - 5 - 

2eIjcos$0 

To  include  the  effect  of  the  Im  J2(u>)  term  (i.e.,  the  cos  t  term), 

let 


1_ 

Rn 


a 

o 


ImJ  (u ) 

i  x  £  ■  o 

ft  u  1 
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2eI_cos4 

y  ■  a  to  cos  4  +  - =■ - 2  (2-31) 

o  i  o  iuffi 

If  the  junction  has  a  shunt  capacitance  C,  the  admittance  is 

2ei  cos 4 

y  ■  i«C  ♦ - 1 - 2  +  o0  +  ajcos4o  (2-32) 

iuh 

This  is  the  admittance  of  a  parallel  RCL  circuit  with  resonant  frequency 
-  2el _cos  * 

(ii—  ■  - 2 - 2  (the  plasma  frequency)  (2-33a) 

p  ftC 

in  c 

and  Q  » - E -  (2-33b) 

Co+OjCOS+o 

Returning  to  the  high  frequency  limit  given  by  equation  2-28,  several 
points  should  be  noted: 

1.  Ij  is  replaced  by  the  average  of  Re  J2(0)  and  Re  J2(») . 

2.  At  the  gap  frequency.  Re  J2(»)  diverges  and  the  Josephson 
inductance  goes  to  zero. 

3.  As  in  the  DC  case,  a  constant  in  Re  (u)  is  of  no  consequence. 

4.  The  term  e  Im  is  the  quasiparticle  conductance.  At 

frequencies  greater  than  2 A /ft  (corresponding  to  voltages  greater  than  2 A/e) , 

this  quantity  approaches  the  constant  1/R^.  Im  J^(u)  is  presented  for  a 

52 

variety  of  temperatures  in  Figure  2-7.  At  finite  temperatures  and  for 
frequencies  less  than  Im  J^(u)  can  be  regarded  as  being  constant. 

Thus,  over  a  wide  range  of  frequency,  the  AC  resistance  of  the  junction  is 
proportional  to  u.  At  finite  temperatures  and  extremely  low  frequencies, 

[elmJ^  (<o)  ]  /fiw  again  approaches  1/R^.  This  contradicts  calculations 

reported  in  the  early  literature  that  suggest  that  the  quasiparticle  conductance 

9 

diverges  at  V  ■  0. 
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5.  In  the  literature*  it  is  often  assumed  that  Ita  •  2eV,  and  and 
J2  are  written  as  functions  of  voltage*  not  frequency.  If  the  junction 
voltage  is  Acoai>ot*  this  assumption  can  lead  to  one's  using  J^(A)  and 

J2 (A)  in  calculations*  when  and  J2(w)  are  the  relevant  quantities. 

In  the  small  signal  limit,  all  calculations  should  be  independent 
of  A. 

6.  At  frequencies  greater  than  the  gap  frequency,  Im  J2(w)  is 
negative.  The  term  [e  x  Im  J2 (u )  cosu  t] /hu  will  decrease  the  total  AC 
conductance  of  the  junction.  The  junction  AC  resistance*  and  consequentially 
the  Q  of  the  plasma  resonance*  will  be  increased.  At  frequencies  less  than 

2A/ft,  the  theory  predicts  that  Im  J2(0))/Im  J^o))  is  a  positive, 

7  8 

temperature  dependent  constant  that  approaches  +1  at  T  »  0.  ' 

Whether  this  is  the  case  in  a  real  junction  is  a  matter  of  dispute. 

Langenberg*  Pedersen*  and  Finnegan  suggest  that  for  a  lead  tunnel  junction  at 

q 

4.2K,  Im  J2(u)/Im  J^fu)  is  approximately  -.7  at  10  GHz.  The  above 

g 

theory  suggests  that  this  ratio  should  be  +1  under  these  conditions. 

Langenberg*  et  al.  base  their  conclusion  on  measurements  of  the  Q  of  the  plasma 

resonance.  Equation  2-33b  says  that  if  Im  J2(u)/Im  (w)  ■ 

a  ./a  is  negative*  then  a  plot  of  f  /Q  versus  cos*  *  where  f  is 
x  o  pop 

the  plasma  frequency*  will  have  negative  slope.  This  is  what  was  observed  in 
the  experiment.  On  the  other  hand*  if  the  experiment  is  done  at  frequencies 
where  Im  (w ) /w~l/«u  *  then  fp/Q  versus  cos*o  can  Have  a  negative 
slope  independent  of  the  sign  of  Im  J2(u)/Im  J^(w).  This  effect  is  not 
sufficient  to  reconcile  the  results  of  the  Langenberg  experiment  with  the 
theory.  But  it  suggests  that  the  experimental  results  are  not  conclusive.  Thi 
is  discussed  further  in  Chapter  6. 
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7.  The  nonlinear  quasiparticle  resistance  can  be  used  for  high  frequency 
nixing  applications.  Because  of  the  reactance  associated  with  Re  J^(ci>), 
such  a  nixer  can  theoretically  show  conversion  gain.20  If  a  tunnel  junction 
is  connected  to  a  transmission  line*  the  inpedance  of  the  transmission  line  will 
appear  as  an  additional  conductance  in  equations  2-28  and  2-31.  For  many 
applications,  it  is  assumed  that  one  wants  to  match  the  transmission  line 
impedance  to  the  normal-state  resistance  of  the  junction.  In  terms  of  the 
conductance  of  equation  2-28,  this  matching  condition  will  hide  the  '.esired 
nonlinear  effect  of  Is  J^tu).  To  operate  a  tunnel  junction  quasiparticle 
mixer  with  gain  requires  that  there  be  a  mismatch  between  the  junction  and  its 
microwave  surroundings. 


2-25/2-26 
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CHAPTER  3 

ELECTRONIC  SIMULATION  OF  THE  RSJ  MODEL 


3  ? 


3.1  Introduction 

Calculations  based  on  either  the  Merthamer  or  RSJ  Models  are  usually  quite 

intimidating.  There  are  few  analytic  solutions,  and  perturbation  theories  are 

22 

cosiplicated  and  tend  to  diverge.  Digital  calculations  are  difficult,  use 

much  computer  tine,  and  occasionally  give  misleading  results.  To  Include  the 

effects  of  capacitance,  source  impedance,  and  time  dependent  sources  in  a 

2 

calculation  only  makes  the  problem  worse. 

The  motivation  for  using  an  electronic  analogue  stems  from  the  extremely 
close  similarity  between  the  RSJ  model  of  a  Josephson  junction  and  a 
phase-locked  loop.  The  correspondence  between  the  two  is  quite  direct  in  that 
phase,  voltage,  and  current  in  one  are  equivalent  to  phase,  voltage,  and  current 
in  the  other.  Mathematically,  the  only  difference  between  the  two  is  in  the 
sixes  of  Ij,  Rg,  and  2e/h.  However,  this  allows  one  to  make  an  extremely 
wide  variety  of  measurements  on  an  analogue  that  would  be  difficult  to  make 
using  a  real  junction.  In  terms  of  speed,  simplicity,  ease  of  changing 
parameters,  and  ease  of  interpreting  results,  an  analogue  cosqpares  favorably 
with  digital  methods.  The  accuracy  of  measurements  obtained  using  an  analogue 
is  often  quite  good,  and  there  are  certain  cases  where  an  analogue  neatly  avoids 
pitfalls  that  beset  even  the  most  carefully  performed  digital  computations 
(i.e.,  calculation  of  aubharmonic  step  heights). 


3-1 
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3.2  Existing  Analogues 

The  original  phase-locked  loop  analogue  of  the  Josephaon  effects  was 
reported  by  Bak  and  Pedersen  in  1973.*  There  have  been  various  other 
analogues  reported  in  the  literature*  most  of  which  are  also  phase-locked  loop 
designs.  Before  discussing  the  design  and  use  of  a  Bak  type  analogue  in  detail* 
we  summarize  the  principles  of  several  analogues. 

The  Bak  and  Pedersen  Analogue4 

This  is  basically  a  phase-locked  loop  containing  a  voltage  to  current 
converter.  With  reference  to  Figure  3-1*  there  are  five  distinct  building 
blocks  in  the  circuit.  They  ares 

VGO  Voltage  Controlled  Oscillator 
LO  Local  Oscillator 
x  Multiplier 
LPF  Low  Pass  Filter 
VCCS  Voltage  Controlled  Current  Source 
The  VCO  generates  a  signal 


vVCO  "  Ajsin(»t  ♦  X/Vlndt)  (3-1) 

where  V^n  is  the  voltage  at  the  input  to  the  device.  The  quantity  K  is  known 
at  the  VCO  gain  constant*  and  is  the  analogue  of  2e/h  in  a  real  junction. 

The  local  oscillator  produces  a  signal 

■  A2Cosu0t  (3-2) 

Note  that  A^,  Ag*  and  K  are  independent  of  .  The  outputs  of  the  VCO 


and  LO  are  multiplied  to  produce  a  signal 


FIGURE  3*1.  THE  BAK  AND  PEDERSEN  ANALOGUE 
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VMULT  "  |  A1A2A3  £«in  * f*l ndt  +  «in  (2w0t  +  K  ^/v^dt] 


(3-3) 


where  A3  is  the  conversion  gain  of  the  multiplier. 

The  LPF  serves  to  remove  the  signal  at  2u  from  the  output  of  the 

o 

multiplier  before  the  signal  reaches  the  VCCS.  We  have 


VLPF  ■  i  a1a2a3a4  *in* 


(3-4) 


where  A^  is  the  low  frequency  gain  of  the  filter,  and  d#/dt  -  KV  . 
The  VCCS  generates  a  current 


Z  ■  iGA1A2A3A4sin* 


(3-5) 


where  G  is  the  transconductance  of  the  current  source.  If  we  define 


Ij  -  1<5AiA1A2A3A4 

we  have  for  the  current  in  Figure  3-1, 

I2  -  Ijsin*  (3-6) 

At  this  point,  it  is  stressed  that  the  VCCS  can  act  as  both  a  source  and 
sink  of  current,  and  that  essentially  no  current  flows  into  the  VCO,  it  being  a 
high  input  impedance  device. 

The  output  of  the  VCCS  is  connected  to  the  input  of  the  VCO.  With  the 
addition  of  a  resistor  in  parallel  with  the  input,  the  current-voltage 
relationship  of  the  overall  circuit  is 

I  ■  I  sin*  ♦  Vin  where  d£  »  KVi  (3-7) 

J  R  dt  in 

23,24 

Analogues  of  this  form  have  been  widely  used.  The  main  advantages 

of  this  scheme  are  its  simplicity  and  the  dimensional  correspondence  between 
parameters  in  the  analogue  and  those  in  a  real  junction.  This  makes  it  easy  to 


/ 
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1  r 


!fe 


model  the  effects  of  shunt  capacitance,  finite  source  impedance,  etc.  An 

V^dt  dependence  of  the  analogue  is 

implicit  in  the  operation  of  the  VCO. 

There  are  two  major  disadvantages  to  the  Bak  scheme.  First,  the  LPF 

introduces  a  frequency  dependent  phase  shift  to  the  sin#  signal.  This  results 

in  the  addition  of  a  voltage  dependent  cos#  term  to  the  overall 

current-voltage  relationship  of  the  device.  The  amplitude  of  this  term  is 

always  negative  with  respect  to  the  sign  of  I,.  This  amplitude  can  be  made 

quite  small,  but  not  always  as  small  as  one  might  like.  The  other  disadvantage 

is  that  the  phase  of  the  supercurrent  is  not  directly  accessible— that  is,  there 

is  no  signal  proportional  to  #.  This  prevents  the  analogue  from  being  used  to 

model  double  junction  SQUXDs  or  other  devices  where  both  #  and  sin#  are  of 
25 

interest. 

The  Gallop  Analogue* 

An  analogue  based  on  the  Bak  principle,  but  having  a  nonsinusoidal 
current-phase  relation,  was  built  by  Gallop.  The  device  is  extremely  simple,  as 
the  VCO,  LO,  multiplier,  and  LPF  are  incorporated  into  one  phase-locked  loop 
chip.  This  chip  operates  in  a  digital  switching  mode.  That  is,  it  operates 
using  square  waves,  as  opposed  to  sine  waves.  This  precludes  its  use  for 
quantitative  measurements,  but  the  device  will  qualitatively  model  the  Josephson 
effects. 

The  Taunton  and  Balse  Analogue  26 

This  is  basically  a  quadrature  version  of  the  Bak  analogue.  In  addition  to 
the  sin#  term,  there  is  a  second  fee Iback  loop  that  models  a  cos#  term. 


additional  advantage  is  that  the  sin  k 


/ 


*J.  Gallop,  private  communication. 
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This  tern  is  made  voltage  dependent  by  the  inclusion  of  a  field  effect 
transistor  in  the  cosine  loop.  This  FET  gate  is  connected  in  such  a  fashion 
that  it  models  both  the  o^Vcos*  term  and  the  oqV  term  in  equation 
2-5.  Since  the  sin*  and  cost  terms  are  independent,  and  not  related  via  the 
Kramers-Kronig  relations,  the  amplitude  and  sign  of  a.  with  respect  to  I, 
and  aQ  is  arbitrary. 

The  circuit  has  been  used  to  investigate  the  effects  of  thermal  noise  and 
the  influence  of  the  cos*  term.  Good  agreement  with  theory  is  reported, 
although  the  effect  of  the  cos*  term  is  undramatic.  The  circuit  is  much  more 
complex  than  the  Bak  analogue,  and  suffers  from  stability  problems.*  In 
addition,  the  problem  of  an  unwanted  phase  shift  associated  with  filtering  the 
outputs  of  the  multipliers  may  result  in  the  introduction  of  a  cos*  term  in 
the  sine  loop,  and  a  sin*  term  in  the  cosine  loop.  However,  the  circuit  seems 
to  have  produced  useful  results. 

27 

The  Hamilton  Analogue 

This  is  based  on  a  more  traditional  style  of  analogue  computation  than  the 
Bak  analogue  is.  The  equations 

5*  ■  (kV  )y  <&L  -  (-kV  ) x  (3-8) 

dt  in  dt  in 

2  2 

are  solved  subject  to  the  constraint  x  +  y  ■ 

1^ 

J.  This  results  in  the  signal  y  having  the  form 

y  -  I  sin*,  where  ■  kV  (3-9) 

J  dt  in 

*M.  R.  Halse,  private  communication. 


NSWC  MP  81-519 


The  circuit  is  built  using  integrated  circuit  multipliers,  integrators, 
inverters,  and  summers.  Unlike  the  Bak  analogue,  there  is  no  distinct  VCO,  LO, 
or  LPF.  Although  the  circuit  seems  reasonable  and  is  relatively  simple,  it  has 
not  been  widely  used.  It  may  offer  advantages  over  the  Bak  circuit,  as  unwanted 
high  frequencies  (i.e.,  2uq  in  equation  3-3)  are  not  generated.  On  the 
other  hand,  the  integrators  probably  introduce  a  cos#  term  similar  to  that 
caused  by  the  low  pass  filter  in  the  Bak  analogue.  And  the  use  of  five 
multipliers,  as  opposed  to  one  in  the  Bak  analogue,  will  increase  the  noise, 
harmonic  distortion,  DC  offset  error,  and  cost. 

28 

The  Magerlein  Analogue 

In  this  analogue,  there  is  no  VCO  or  LPF.  Instead,  the  input  voltage  to 
the  analogue  is  integrated  explicitly,  and  the  resulting  voltage  passed  through 
a  sine  conversion  circuit.  That  is  an  integrator  converts  d#/dt  into  +,  an 
another  circuit  takes  the  sine.  The  sin#  signal  is  then  passed  through  a 
voltage  to  current  converter,  and  fed  back  to  the  input.  The  advantage  of  this 
arrangement  is  that  a  signal  proportional  to  +  is  directly  available.  The 
disadvantages  are  that  the  integrator  must  be  reset  whenever  ♦  reaches  the 
voltage  corresponding  to  ir/2  (or  the  device  will  saturate) ,  and  the  sine 
conversion  circuit  is  not  necessarily  very  accurate.  The  integrator  is  reset 
using  a  flip-flop  to  drive  an  electronic  switch.  This  has  the  unfortunate 
result  of  putting  a  glitch  in  the  Josephson  oscillations  every  time  the 
integrator  resets.  A  copy  of  the  Magerlein  circuit  has  been  built  and  tested  by 
Brady.* 


*R.  Brady,  private  communication. 
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Thf,  Analogue25 

This  is  an  analogue  of  a  complete  DC  SQUID,  it  is  essentially  two 
Magerlein  analogues  connected  to  form  a  "superconducting”  loop.  Gyrator 
circuits  are  used  to  model  the  inductance  of  the  loop.  (A  gryator  is  a 
nonreciprocal  amplifier  circuit  that  can  be  used  to  make  a  capacitor  look  like 
an  inductor.)  Tim  analogue  suffers  from  the  problems  described  for  the 
Magerlein  analogue.  However/  as  the  phase  is  required  explicitly/  one  could  not 
use  a  Bak  type  circuit  instead. 

29 

The  Yaci  and  Kurosawa  Analogue 

This  is  a  precision  version  of  the  Magerlein  analogue.  The  major  difference 
between  the  two  is  the  manner  in  which  the  sine  conversion  circuit  operates. 

The  Magerlein  analogue  uses  a  simple  circuit  baaed  on  the  nonlinear  behavior  of 
a  bipolar  transistor.  The  Tagi  simulator  uses  a  series  of  transistor  switches 
to  create  a  five  segment  plecewise-linear  approximation  to  a  sine  wave.  The 
Tagi  analogue  also  Incorporates  a  network  for  modelling  the  nonlinear  resistance 
associated  with  a  tunnel  junction.  This  consists  of  a  two  step  piecewise-linear 
resistance  circuit.  There  is  no  reactance  associated  with  this/  so  it  is  not  a 
true  model  of  the  nonlinear  resistance  described  by  the  Werthamer  theory. 

The  Prober  Analogue 

Prober#  et  al.  have  developed  an  analogue  of  the  RSJ  model  in  which  the  VCO 

32 

generates  short  pulses  rather  than  the  usual  sine  or  square  wave.  The 
pulses  drive  a  sample  and  hold  circuit  which  cleverly  fashions  a  stair  step 
approximation  to  sin#  without  the  need  for  a  low  pass  filter.  The  circuit# 
which  also  incorporates  a  voltage  dependent  conductance  for  modelling  the 
nonlinear  quasiparticle  characteristic#  is  simple  and  works  well.  However# 
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there  is  a  phase  shift  associated  with  the  sample  and  hold  technique  which 
introduces  a  negative  cos*  amplitude  similar  to  that  expected  for  a  low  pass 
filter. 


3.3  Design  of  an  RSJ  Analogue 

In  retrospect ,  the  design  of  an  analogue  based  on  the  Bak  scheme  is  not 
very  difficult.  Of  the  five  components,  the  VCO,  LO,  and  multiplier  require  no 
special  design  considerations.  The  VC CS  and  low  pass  filter  use  standard 
circuit  topologies,  and  computation  of  component  values  is  not  difficult. 

The  operating  parameters  of  the  device  were  chosen  such  that  simple  circuit 
techniques  could  be  used,  and  so  that  the  effects  of  circuit  noise  and  parasitic 
capacitance  are  negligible.  For  the  preliminary  design: 


N  "  1  “ 

2e/h  ■  1000  hz/volt 


flo  -  fvco  -  15  kHz 


The  half  power  frequency  of  the  low  pass  filter  is  5  kHz. 

The  first  three  parameters  are  variable.  The  VCO  center  frequency  can  be 
fine  tuned  to  equal  that  of  the  LO.  This  is  to  make  the  DC  supercurrent  occur 
at  zero  DC  voltage.  If  f,^  ♦  f  _ ,  this  "zeroth  order  step"  will  occur  at 

lO  VCO 

finite  voltage,  and  the  entire  I-V  characteristic  of  the  device  will  be  shifted 
along  a  load  line  determined  by  R^.  This  does  not  affect  the  shape  of  the 
characteristic,  or  the  junction  dynamics. 

The  VCO  and  LO  are  built  using  Intersil  8038  function  generator  chips. 

Their  frequency  of  operation  is  determined  by  the  appropriate  choice  of  a  timing 
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capacitor.  The  value  of  2e/h  for  the  VCO  is  determined  by  an  external 
amplifier.  The  harmonic  distortion  of  the  8038  is  less  than  1  percent  at 
15  kHz ,  but  there  is  noticeable  drift  in  the  operating  frequency  due  to  thermal 
effects.  Fortunately,  this  has  minimal  effect  on  the  use  of  the  analogue.  The 
complete  design  details  for  the  8038  are  described  in  a  manufacturer's 
applications  note. 

The  multiplier  is  an  Analogue  Devices  AD530KH.  Over  its  range  of 
operation,  its  accuracy  is  quoted  as  1  percent.  The  main  disadvantage  of  the 
chip  is  that  it  requires  three  external  presets. 

The  VCCS  is  a  standard  design,  fully  described  in  Motorola  Applications 
Note  AN-587.  It  can  act  both  as  a  current  source  and  a  current  sink,  and  the 
output  impedance  is  easily  made  greater  than  300  kQ.  with  reference  to  Figure 
3-2,  we  have 


The  device  is  very  linear,  and  can  provide  several  milliamps.  However,  the 
circuit  will  clip  if  the  voltage  at  the  output  of  the  op  amp  approaches  the 
supply  voltage.  This,  rather  than  the  power  rating  of  the  amplifier,  is  usually 
the  limiting  factor  in  how  much  current  can  be  provided. 

Although  the  design  of  the  low  pass  filter  is  not  complicated,  its  effect 


on  the  behavior  of  the  analogue  is  slightly  subtle.  The  phase  shift  of  the 
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filter  introduces  a  negative  cost  tern  into  the  analogue.  To  see  this, 
consider  the  single  pole  filter  response  given  by 


F(jw) 


1  -  j  w/co 

■  c 

1  +  (i>2/o)2  c 


(3-12) 


where  o>c  is  the  half-power  frequency. 

This  response  can  be  realized  using  a  resistor  and  a  capacitor;  the 
resulting  filter  is  referred  to  simply  as  an  RC  filter.  When  the  analogue  is 
biased  with  a  constant  voltage,  the  output  of  the  multiplier  will  be  of  the  form 


V  ■  sinut  +  sin  (2w  t  +  cat) 
o 

The  filter  will  eliminate  the  high  frequency  component,  leaving  a  voltage 


V  __  ■  sinut  Re  F(ju)  +  cos  wt  Im  F  (ju) 

LPr 


If  0)  «  W 


Re  F(j»)  stl 


(3-13) 


Im  F(jw)  «  -w/w 


and 


V  __  ~  sinut  -  w/w  cosut 
hre  C 

This  changes  the  equation  for  the  loop  to 


I  •  Ij  sin*  -  V  oij  +  cos  $  + 
R  u„ 


IN 


■n 


where  o>J  ■  2el  R/fi,  _i  ■  -fHJ  (cf.  (Eq.  2-31) 


(3-14) 


/ 


3-12 


NSWC  MP  81-519 


The  voltage  dependent  cos#  tern  has  the  sane  forn  as  the 
quasiparticle-pair  interference  tern  in  equation  2-5.  Bak  and  Pedersen  have 
utilized  this  similarity  to  investigate  the  effect  of  a  negative  cos#  tern  on 
the  dynamics  of  a  Joseph son  junction.  *  For  most  applications,  this  term  is 
unimportant.  However,  it  does  affect  the  high  frequency  impedance  of  the 
device  slightly,  and  can  have  a  noticeable  influence  on  the  Q  of  the  plasna 
resonance. 

It  was  found  that  the  single  pole  RC  filter  was  not  entirely  effective  in 
reducing  the  signal  at  frequency  2uq  +  in.  Rather  than  increase  the 
frequency  of  the  local  oscillator,  a  more  sophisticated  filter  was  used.  The 
filter,  a  three  pole  Butterworth,  has  the  same  half  power  frequency  as  the  RC 
filter,  but  its  response  falls  faster  at  high  frequencies.  This  is  evident  in 
Figure  3-3,  which  shows  the  response  curves  for  a  one  pole  RC,  three  pole  RC, 
and  a  three  pole  Butterworth  filter.  The  respective  response  functions  aret 

F (s)  ■  _ i _  one  pole  RC  (3-15) 

1  +  s 

F(s)  ■  *  three  pole  RC 

(1  ♦  «)3 

F (s)  ■  i  three  pole  Butterworth 

s3  +  2s2  +  2s  +  1 

where  s  ■  ju/w  . 

c 

All  three  filters  in  the  figure  have  the  sane  value  of  «  .  Note  that 

c 

the  tradeoff  for  reduction  of  high  frequency  feedthrough  is  an  increase  in  the 

amplitude  of  Im  F(s),  and  consequently  an  increase  in  the  cos#  amplitude. 

For  typical  parameters  of  Ij  ■  1  mA,  R^  ■  500  ohm,  and  2e/h  ■  500 

Hz/volt,  we  have  u,/w  ■  .05.  Multiplying  by  2  (since  the  Butterworth 
j  c 

filter  increases  the  cos#  tern  by  about  that  much),  we  have  °±/0q  ~  -0.1. 


FIGURE  3-3.  LOW  PASS  FILTER  RESPONSES 
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For  aost  applications  of  the  RSJ  analogue,  a  cos*  tern  of  this  magnitude  will 
be  unimportant.  Provided  that  one  is  aware  of  it,  it  does  not  limit  the 
usefulness  of  the  analogue.  From  a  design  point  of  view,  the  three  pole 
Butterworth  is  only  slightly  more  complicated  than  the  one  pole  RC  filter. 

Using  the  building  blocks  described  above,  the  final  design  of  the  analogue 

is  straightforward.  However,  before  describing  the  use  of  the  analogue,  there 

are  two  more  circuits  that  should  be  mentioned.  The  first  of  these  is  a 

multiple  input  current  source  for  use  in  driving  the  analogue.  It  is  similar  to 

the  VCCS  in  Figure  3-2,  but  allows  for  mixing  of  several  different  input 

signals.  The  second  circuit,  suggested  by  N.  Bett  of  the  Cavendish  electronics 

section,  is  used  to  voltage  bias  the  analogue.  With  reference  to  Figure  3-4, 

the  voltage  V  is  equal  to  V.  ,  and  the  signal  V _  provides  a  reference 

a  m  non 

voltage  which  is  proportional  to  the  current  through  the  analogue.  The  voltage 
vin  is  provided  by  the  multiple  input  current  source  described  above;  Rg  is 
a  variable  source  resistance.  The  voltage  and  current  sources  are  connected 
with  switches  so  that  the  analogue  can  be  changed  from  voltage  to  current  bias 
at  a  moment's  notice.  By  raising  Rg  to  a  large  value,  the  voltage  source 
looks  like  a  reasonable  current  source,  but  its  dynamic  range  under  these 
conditions  is  limited. 

If  proper  attention  has  been  given  to  the  selection  of  part  values, 
operation  of  the  analogue  is  not  complicated.  When  all  of  the  building  blocks 
are  connected,  it  is  necessary  to  adjust  IJf  k,  and  R  to  suitable  values. 

This  usually  means  keeping  kljR/*e  «  1,  so  that  the  LPF  does  not 
attenuate  higher  harmonics  of  the  Josephson  oscillations.  If  one  wishes  to 
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investigate  the  condition  o,/o.  ■  -1,  which  requires  tjiat  kI,R/<*) 

XU  <7  C 

■  1,  the  analogue  must  be  operated  at  frequencies  much  less  than  to.  or  the 

J 

results  will  be  inaccurate. 


3.4  Results  Obtained  with  the  RSJ  Analogue 

As  the  Bak  analogue  has  been  widely  investigated  by  others ,  this  section  is 
relatively  brief.  Figure  3-5a  shows  the  time  averaged  current-voltage 
characteristics  for  the  analogue  under  current  bias,  voltage  bias,  and  finite 
source  impedance  conditions.  Figure  3-5b  shows  the  effect  of  "microwaves”  on 
the  Z-V  characteristics.  Figure  3-6  shows  the  voltage  as  a  function  of  time  for 
three  values  of  1^,  for  the  current  biased  case,  without  microwaves.  Figures 
3-7  and  3-8  show  the  effects  of  varying  the  frequency  and  amplitude  of  the 
applied  RF  signal  under  current  bias  conditions. 

within  a  current  step,  the  fundamental  frequency  of  the  internal 
oscillations  of  the  analogue  is  an  exact  harmonic  of  the  frequency  of  the 
applied  RF  current.  Figure  3-9  shows  the  voltage  as  a  function  of  time  for  the 
analogue  when  current  biased  within  each  of  the  first  several  steps  in  the  I-v 
characteristic.  Note  that  the  signal  is  periodic,  and  that  the  number  of  pulses 
per  cycle  is  equal  to  the  "order”  of  the  step.  That  is,  the  nth  step,  which 
occurs  at  a  DC  voltage  equal  to  V  ■  rtfiu/2e,  has  n  pulses  per  cycle.  McDonald 
has  suggested  the  use  of  this  phenomenon  for  pulse  generator  applications.35 

Figure  3-10  compares  a  result  obtained  with  the  analogue  with  a  computer 
calculation  by  Waldram,  et  al.  The  parameters  of  the  calculation  and 
analogue  measurement  are  similar,  but  there  are  no  subharmonic  steps  in  the 
analogue  result.  The  RSJ  model  predicts  that  outside  of  a  step,  the  voltage 


will  be  an  almost-per iodic  function  of  time.  It  is  the  author’s  hypothesis  that 
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FIGURE  3-6.  VU,'  FOR  THREE  VALUES  OF  Ue 


FIGURE  3-7.  EFFECT  OF  VARYING  FREQUENCY  OF  lBF  COSoj  t  FOR  THE  RSJ  ANALOGUE 


FIGURE  3-8.  EFFECT  OF  VARYING  AMPLITUDE  OF  lBe  COSgj  t  FOR  THE  RSJ  ANALOGUE 


FIGURE  3-10.  RESULTS  FOR  THE  RSJ  ANALOGUE  VS.  THOSE  FOR  A  COMPUTER  CALCULATION 
(AFTER  WALDRAM,  ET.AL.  33 > 
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the  computer  calculation  was  not  accurate  enough  to  distinguish  between  periodic 
and  almost  periodic  behavior  in  certain  regions/  and  that  subharmonic  steps 
appeared  as  a  result.  This  is  an  example  of  a  calculation  where  the  analogue 
avoids  pitfalls  that  can  be  quite  difficult  to  prevent  in  a  computer  calculation 

Figures  3-11  and  3-12  show  the  AC  impedance  of  the  device  under  conditions 
where  the  analogue  is  current  biased  by  a  signal  I  ■  IDC  »  I^coswt.  The 
impedance  is  measured  by  multiplying  the  voltage  across  the  analogue  by  a 
reference  signal  that  is  either  in  phase  or  90  degrees  out  of  phase  with  the 
applied  RF  current.  The  time  averaged  output  of  the  multiplier  is  proportional 
to  either  the  real  or  imaginary  part  of  the  impedance  at  frequency  u.  The 
results  obtained  using  the  analogue  are  compared  with  the  computer  calculations 
of  Auracher  and  Van  Duzer/  which  are  shown  as  insets  in  the  figures. ^  The  DC 
Z-V  characteristics  are  plotted  to  show  the  relation  between  the  junction 
impedance  and  the  location  of  current  steps  in  the  characteristic.  Note  that 
the  reactance  beteen  steps  is  zero.  This  results  from  the  almost  periodic 
nature  of  the  AC  voltage  across  the  junction  when  it  is  biased  between  steps. 

The  instantaneous  reactance  may  be  finite/  but  the  time  averaged  reactance  is 
zero.  Within  a  step/  the  RSJ  analogue  works  very  well/  but  there  is  spurious 
interference  between  steps.  This  measurement  is  a  good  qualitative  indication 
of  the  accuracy  that  one  can  expect  from  a  simple  analogue. 

If  there  is  a  capacitance  in  parallel  with  the  analogue/  it  will  add  a 
negative  term  to  the  total  junction  reactance.  Within  the  zeroth  order  step/ 
this  will  cause  the  total  reactance  to  cross  through  zero  at  a  particular  value 
of  DC  current.  This  corresponds  to  the  DC  current  for  which  the  applied 
frequency  is  equal  to  the  plasma  frequency. 


ANALOGUE  COMPARED  WITH  COMPUTER  RESULTS 


FIGURE  3-12.  RF  IMPEDANCE  OF  THE  RSJ  ANALOGUE,  CONTINUED 
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CHAPTER  4 

ELECTRONIC  SIMULATION  OP  THE  HIGH  FREQUENCY  THEORY 


4.1  Introduction 

The  high  frequency  analogue  is  based  on  an  idea  by  Waldram,  who  suggested 
that  the  Werthamer  theory  could  be  modelled  electronically  using  a  quadrature 
phase-locked  loop  and  some  sophisticated  filters.®  As  shown  in  section  2.6, 
equation  2-1  can  be  written 
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i 

L 

t 


l(t)  •  cos  $L  (sin  i.  *  j 


+  sin  4. 

2 


^sin  4.  *  -  sin  4.  ^cos  4.  * 

^cos  1  *  +  cos  t  ^sin  1  *  j2j 


(4-1) 


where  the  terms  in  brackets  represent  convolution  integrals  of  the  form 


(*in  I  *  3i)  ‘ 

Electronically,  this  integral  is  the  equivalent  of  running  a  signal  sin 
4/2  through  a  filter  with  impulse  response  j^(t).  As  j^(t)  and  j2(t) 
can  be  regarded  as  being  real  and  causal,  filters  with  suitable  pulse  responses 
can,  in  principle,  be  constructed. 

The  complete  simulation  of  equation  4-1,  including  the  generation  of  the 
sin  4/2  and  cos4/2  signals,  is  done  using  an  elaboration  of  the  Bak  scheme 
described  in  the  previous  chapter.  The  essential  differences  are  the  inclusion 
of  the  filters  and  the  use  of  two  local  oscillator  signals  instead  of  one.  The 
scheme  used  is  shown  in  Figure  4-1. 
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FIGURE  4-1.  BLOCK  DIAGRAM  OF  THE  HIGH  FREQUENCY  ANALOGUE 
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The  operation  of  the  building  blocks  is  identical  to  that  in  the  Bak 
analogue.  The  only  new  component,  apart  froa  the  filters,  is  the  90  degree,  . 
unity-gain  phase  shifter.  This  provides  a  quadrature  reference  to  the  local 
oscillator,  which  in  turn  allows  the  generation  of  both  sin  4/2  and  cos4/2 
signals.  The  VCO  gain  constant  k  now  represents  e/h  instead  of  2e/h«  If  the 
filters  are  omitted,  and  the  J2  filters  bypassed  (i.e.,  -  J2(«)  ■  3), 
the  circuit  in  Figure  4-1  reduces  to  a  complicated  version  of  the  Bak  analogue. 

The  prototype  of  the  high  frequency  analogue  is  reported  in  a  paper  by 

35 

Jablonski  and  Waldraa,  a  copy  of  which  is  attached  as  Appendix  A.  The  paper 
is  a  self-contained  description  of  how  simple  filters  were  used  to  model  j^t) 
and  j2(t),  and  what  results  were  obtained  when  these  filters  were  incorporated 
into  a  quadrature  phase-locked  loop.  The  loop  was  built  using  the  circuits 
described  in  Chapter  3,  with  additional  filters  based  on  calculations  by 
Maldram,  who  matched  the  response  curves  of  simple  three  and  four  pole  RX£ 
networks  to  sketches  of  Werthamer's  expressions  for  J^u)  and  J2(u>)  at 
T  »  0.  Although  the  prototype  demonstrated  the  feasibility  of  the  high 
frequency  analogue,  the  filters  were  not  accurate  enough  for  the  analogue  to  be 
very  useful. 

Attempts  at  improving  the  filters  were  made  by  P.  Sinclair  as  part  of  a 
final  year  undergraduate  physics  project.*  This  effort  was  based  on 
constructing  several  sets  of  electronic  filters  having  adjustable  parameters. 
Using  what  were  essentially  trial  and  error  techniques,  the  parameters  were 
varied  to  model  J^Cw)  and  J2(u)  at  a  variety  of  temperatures. 

Unfortunately,  this  was  not  very  successful. 


*P.  L.  Sinclair,  private  communication 
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Simple  numerical  methods  used  by  the  author,  however,  proved  quite 
successful  for  modelling  J^(w)  and  at  T  ■  0.  The  increased 

accuracy  of ^the  resulting  filters  made  it  necessary  to  improve  the  performance 
of  the  quadrature  phase-locked  loop  circuit.  This  chapter  describes  the  design 
of  the  loop,  the  design  and  construction  of  the  improved  filters,  and  the 
results  obtained  with  this  second  version  of  the  high  frequency  analogue. 

4.2  Design  of  the  Loop 

The  prototype  analogue  had  problems  with  harmonic  distortion  and 
temperature  drift  in  the  LO  and  VCO  circuits.  To  cure  this,  these  circuits  were 
replaced  by  two  commercial  signal  generators.  One,  with  quadrature  outputs,  was 
used  in  place  of  the  LO  and  phase  shifter.  The  other  was  used  as  a  VCO.  The  LO 
frequency  of  the  analogue  was  set  to  60  kHz,  the  maximum  frequency  of  the 
quadrature  generator.*  The  previous  problems  of  harmonic  distortion  and  drift 
essentially  disappeared. 

The  six  multipliers  and  the  VCCS  are  the  same  circuits  used  in  the  Bak 
analogue.  The  low  pass  filters  are  four  pole  Butterworth's  with  a  half  power 
frequency  of  50  kHz.  The  equivalent  cos#  amplitude  (cf.  Eq.  3-14)  is  -.04. 

The  effect  of  this  term  on  the  current-voltage  relationship  of  the  analogue  is 
not  as  simple  as  before,  as  the  unwanted  phase  shift  of  the  low  pass  filters 
affects  both  the  sin#/2  and  cos+/2  signals.  However,  provided  that  this 
phase  shift  is  small,  it  can  usually  be  neglected.  The  only  measurement  where 
this  proved  to  be  important  was  the  investigation  of  the  Q  of  the  plasma 
resonance. 


*In  later  versions  of  the  analogue,  the  LO  frequency  was  increased  to  100  kHz, 
then  subsequently  reduced  to  30  kHz  (cf.  Chapter  8). 
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Typical  operating  parameters  of  the  analogue,  along  with  the  equivalent 
values  for  a  real  junction,  are  shown  in  Table  4-1. 

4.3  Design  of  the  Filters 

All  of  the  information  concerning  temperature,  high  frequency  effects,  and 
energy  gap  effects  is  contained  in  the  expressions  for  j ^ ( t)  and  j2(t). 
Consequently,  the  accuracy  of  the  analogue  is  largely  a  question  of  the  accuracy 
of  the  filters. 

As  was  shown  by  Sinclair's  work,  the  extension  of  Waldram's  curve  fitting 
techniques  to  more  complicated  filters  is  not  very  practical.  Efforts  were  made 
by  the  author  to  match  Werthamer's  analytic  expressions  for  (to )  and 
J2(w)  at  T  »  0  to  the  generalized  expansion  of  a  multipole  RLC  response,  but 
it  proved  impossible  to  systematically  match  the  Lorentzian  behavior  of  the  RLC 
networks  to  the  logarithmic  behavior  of  the  Werthamer  expressions. 

A  numerical  approach  was  tried  next.  This  was  based  on  matching  the 
response  of  a  multipole  RLC  network  to  the  numerical  values  of  J^(w)  and 
J2(w)  at  an  arbitrary  number  of  frequencies.  This  method  was  suprisingly 
successful,  and  has  the  advantage  of  being  useful  for  designing  filters  to  model 
tunnelling  at  T  w  o,  where  analytic  expressions  for  J^(u)  and  J2 (u>)  do 
not  exist.  This  numerical  method  is  described  below. 

The  response  of  an  RLC  network  can  be  expressed  as 

a  +as+as2+...+a  sn"l 

F  (u )  »  °  1  2 _ -fl Zl  -  (4-3) 

1  +  Aj_8  +  A2S^+...  +  AnsF1 


where  s  ■  j« 
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Table  4-1  Typical  Parameters  of  the  Anal  ~-e  Compared  With  Those 
of  a  Real  Superconducting  Tunnel  Junction 


The  Analogue 


A  Tunnel  Junctio 


f  -2 
gap 


V  •  2 
gap 


1500  ohm 

2.5  ohm 

1500  hz/volt 

483  MHz/vvolt 

1000  hz 

725  GHz 

1.33  volts 

3  mV 

'  r 


NSWC  MP  81-519 

F(s)  contains  2n  unknowns,  and  can  be  matched  to  an  expression  for 

J ^(w)  or  J ^  (<«> )  st  n  different  frequencies.  (The  real  and  imaginary 

parts  of  F(s)  and  J(u)  are  simultaneously  matched;  as  J^(u)  and  J^Cu) 

are  0  for  u  ■  •  ,  a  has  been  set  to  zero.)  The  choice  of  the  n 
n 

frequencies  is  completely  arbitrary.  However,  the  quality  of  the  fit  of  F(s)  to 
J(u)  at  other  frequencies  can  made  very  good  by  suitable  choice  of  the  n 
frequencies. 

As  an  example,  consider  a  nine  point  fit  to  J^(u)  at  T  ■  0.  Figure  4-2 
shows  a  sketch  of  the  function.  Rather  than  design  a  filter  having  a  divergent 
response  as  u>  ♦  •,  a  linear  term  has  been  subtracted  from  Im  (<u ) .  This 
term  is  added  back  by  means  of  a  resistor  placed  in  parallel  with  the  input  to 
the  analogue  (cf.  Figure  4-1).  Removal  of  the  linear  term  in  Im  J^fu) 
causes  Re  J^(u)  to  be  shifted  by  a  constant,  which  has  no  effect  on  the 
behavior  of  the  analogue  (cf.  section  2.6). 

Numerical  values  for  the  resulting  expressions  at  nine  different 
frequencies  are  entered  into  a  Hewlett-Packard  desk  top  computer. 

By  expressing  Re  Im  J^(u),  and  u  as  numbers,  the  equation 

F(s)  -  J(«) 

becomes  a  linear  equation  whose  unknowns  are  the  a  and  A  of  equation  4-3. 

n  n 

Separating  this  equation  into  real  and  Imaginary  parts  for  nine  choices  of  u 

yields  a  system  of  18  linear  equations  in  18  unknowns.  A  simple  program,  stored 

on  magnetic  tape,  is  used  by  the  computer  to  calculate  the  18  x  19  *  342 

coefficients  of  these  equations.  Another  program,  supplied  by  Hewlett-Packard, 

solves  these  equations,  and  the  a  and  A  are  printed  out.  The  resulting 

n  n 

expression  for  F(s)  is  known  as  a  Pade  approximate. 
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To  verify  that  the  Pade  approximate  can  be  implemented  using  electronic 
filters,  it  is  necessary  to  factor  the  denominator  and  check  that  all  of  the 
poles  of  F(s)  lie  in  the  left  half  of  the  complex  frequency  plane.  This  is 
doen  using  a  modified  version  of  another  Hewlett-Packard  program.  If  the  Pade 
approximate  proves  to  be  causal,  a  fourth  program  is  used  to  plot  F(s).  If  the 
expression  for  F(s)  is  not  causal,  or  the  plot  does  not  look  like  J(u),  the 
whole  process  is  started  again  using  a  new  set  of  trial  frequencies. 

If  F(s)  is  a  good  match  to  J («),  a  program  is  used  to  calculate  a 
biquadratic  partial  fractions  expansion  of  F(s).  That  is,  P(s)  is  written  as 

m  s2  +  c  s  +  d 

— S _ S _ «  (4-4) 

s^  +  a«s  +  b 
r  n 

By  using  the  ratio  of  two  quadratics,  the  coefficients  a,  b,  c,  d,  and  m 
will  always  be  real.  As  will  be  seen,  this  form  of  F(s)  is  particularly 
amenable  to  synthesis  using  active  electronic  filters. 

Figure  4-3  shows  a  plot  of  the  calculated  nine  pole  Pade  approximate  to 
at  T  *  0.*  The  x's  show  the  points  at  which  the  Pade  approximate  is 
equal  to  the  theoretical  expression  for  J^(u).  The  overshoot  at  the  gap 
frequency  is  similar  to  the  Gibbs  phenomena  associated  with  the  use  of  Fourier 
techniques  to  model  a  discontinuity.  Figure  4-4  shows  the  individual 
biquadratic  components  of  the  Pade  approximate.  Each  curve  corresponds  to  the 
response  of  a  one  or  two  pole  RLC  network,  and  can  be  viewed  as  being  the 
combination  of  low  pass  and  bandpass  filter  responses.  Note  that  the  parameter 
m  for  each  filter  is  zero  (i.e.,  the  high  frequency  response  of  each  filter  goes 


*The  linear  term  in  Ire  J^(u),  which  was  subtracted  prior  to  the  calculation, 
has  been  added  to  the  result  plotted  in  Figure  4-3.  The  corresponding  constant 
in  Re  Ji(w),  however,  has  not. 
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FIGURE  4-3.  A  9  POLE  PADE  APPROXIMATE  FOR  J.M  AT  T 
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to  zero) .  Inspection  of  the  individual  curves  suggests  that  trial  and  error 
techniques  to  determine  the  filter  parameters  would  have  been  very  difficult. 

Figure  4-5  and  4-6  show  the  corresponding  nine  point  fit  to  J2(w), 
along  with  its  biquadratic  components. 

4.4  Construction  of  the  Filters 

The  filters  were  built  using  an  active  op  amp  circuit  known  as  the 

36 

"biquad".  The  circuit,  shown  in  Figure  4-7,  has  a  transfer  function 


V  „  2 

out  .  ms  +  cs  +  d  (4-5) 

Vjn  s2  +  as  +  b 

where  s  *  jw 

The  parameters  a,  b,  c,  d,  and  m  are  determined  by  appropriate  choice  of 
component  values.  The  relative  signs  of  c  and  d  are  determined  by  whether  the 
point  X  in  the  circuit  is  connected  to  Y  or  Y*.  Setting  m  *  0  is  accomplished 
by  removing  from  the  circuit. 

The  performance  of  the  biquad  is  comparable  with,  if  not  better  than,  its 
passive  RLC  equivalent. ^  As  it  contains  no  inductors,  and  has  no  special 
interface  requirements,  it  is  actually  more  convenient  to  design  and  use.  An 
entire  biquad  costs  about  the  same  as  the  ferrite  core  needed  for  a  single  large 
inductor . 

The  choice  of  component  values  is  very  flexible.  The  main  limitation  is 
that  should  equal  R^Cj.  This  ninimizes  the  sensitivity  of  the  Q  to 

variation  in  component  values.  For  an  arbitrary  choice  of  a,  b,  c,  and  d  (m  is 
assumed  to  be  zero),  subject  to  the  constraint  R^C^  ■  RjC^,  f*ve 
component  values  must  be  computed.  In  the  actual  filters  used  in  the  analogue, 
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FIGURE  4-7.  A  BIQUADRATIC  FILTER 
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each  calculated  value  is  implemented  using  two  components.  For  example,  if  the 
calculated  value  for  Rg  was  49,260,  Rg  would  be  wired  in  the  circuit  as  a 
47k  resistor  in  series  with  a  2.2k  resistor. 

To  model  the  nine  point  fit  to  either  J^(w)  or  J2(tii)  requires  four 
biquads  with  two  poles  each,  and  a  low  pass  filter  having  one  pole.  The  filters 
are  wired  in  parallel.  That  is,  they  all  have  the  same  input  signal,  and  their 
outputs  are  summed. 

Figures  4-8  and  4-9  show  the  measured  response  of  the  filters  built  to 
model  the  nine  point  fits  to  J^(u)  and  J^(u)  at  T  ■  0. 

With  reference  to  Figure  4-1,  two  J^(u)  and  two  J2(w)  filters  are 
used  in  the  analogue.  By  using  filters  having  response  functions  (J^  +  J^) 
and  -  J2),  this  redundancy  could  have  been  avoided.  However,  the  use  of 

duplicate  and  J2  filters  permits  separate  control  of  the  pair  and 
quasiparticle  currents,  which  is  a  useful  feature  of  the  analogue.  Figure  4-10 
shows  the  response  curves  of  the  duplicate  filters  used  in  the  analogue  plotted 
together.  Note  that  the  resonance  peaks  occur  at  slightly  different 
frequencies.  Although  undesirable,  this  inaccuracy  does  not  appear  to  be  a 
major  shortcoming  of  the  analogue.  This  problem  is  discussed  in  greater  detail 
in  Chapter  8. 

To  adjust  the  "temperature"  of  the  analogue,  it  is  necessary  to  modify 
and  J2(«).  Unfortunately,  preliminary  attempts  to  do  this  by 
designing  additional  filters  failed  consistently.  For  the  T  *  0  case,  the  Pade 
approximate  technique  kept  resulting  in  nonrealizable  filter  responses,  where 
one  or  more  of  the  poles  of  F(s)  were  in  the  positive  half  of  the  complex 
frequency  plane.  This  problem  was  overcome  eventually  (cf .  Chapter  7) . 

However,  results  presented  in  this  chapter  are  limited  to  the  case  where  the 
analogue  models  Josephson  tunnelling  at  T  ■  0. 
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FIGURE  4-8.  MEASURED  RESPONSE  OF  THE  J1  M  FILTERS 
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FIGURE  4-9.  MEASURED  RESPONSE  OF  THE  J2  M  FILTERS 
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FIGURE  4-10.  COMPARISON  OF  THE  DUPLICATE  FILTERS 
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4.5  Signs 

Before  discussing  the  results  obtained  using  the  analogue,  a  brief  word 
about  signs  is  in  order.  The  literature  is  full  of  discrepancies  concerning  the 
sign  conventions  for  and  Harris  has  discussed  this  in. 

g 

detail.  In  the  analogue,  the  signs  largely  take  care  of  themselves.  The 
filters  in  the  analogue  will  always  satisfy  causality  requirements,  and  the 
signs  adjust  themselves  accordingly.  It  is  not  possible  for  the  designer  to 
influence  the  sign  relation  between  the  real  and  imaginary  part  of  J^(w)  and 
J2  (w) .  what  signs  one  uses  in  describing  these  functions  depends  largely  on 
convention.  However,  the  designer  can  add  an  overall  sign  change  to  either  or 
both  and  J2(w).  This  will  affect  both  the  real  and  imaginary 

parts  of  each  function.  Changing  the  sign  of  will  make  the 

quasiparticle  resistance  look  negative  instead  of  positive,  an  obviously 
unphysical  situation.  The  overall  sign  of  J2 (u) ,  however,  has  no  effect  on 
the  input/output  characteristics  of  the  analogue.  It  only  affects  whether  the 
VCO  phase-locks  at  0  degrees  or  180  degrees  with  respect  to  the  LO  when  the 
analogue  is  biased  within  the  zeroth  order  step. 

The  sign  of  Im  J^(w)  is  usually  taken  to  be  positive.  This  is 
consistent  with  the  association  of  positive  current  with  positive  voltage. 
Relative  to  this,  and  for  the  sign  conventions  implied  by  equation  2-1,  the  sign 
of  Im  J2(“)  is  negative  at  frequencies  greater  than  the  gap  frequency 
2A/h.  At  frequencies  less  than  this,  the  theoretical  expression  for  Im 
J2(u)  is  either  zero  or  positive,  depending  on  temperature. 
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4.6  Results  Obtained  Using  the  High  Frequency  Analogue 

Once  the  prototype  was  working ,  results  followed  quickly.  These  are 
summarized  in  the  figures  that  follow.  Most  of  the  data  is  in  the  form  of  time 
averaged  current-voltage  characteristics#  which  can  be  compared  directly  with 
characteristics  of  real  junctions.  The  presented  data  were  chosen  to  illustrate 
the  aspects  of  the  Josephson  effects  that  are  not  included  in  the  RSJ  model. 
These  include  the  Riedel  peak,  sub-gap  structure#  the  nonlinear  quasiparticle 
resistance  and  its  associated  reactance#  and  the  cosine  phi  term. 

The  results  begin  with  graphs  of  the  time  averaged  X-V  characteristics 
measured  under  current  and  voltage  bias  conditions.  Certain  parts  of  the 
characteristic  are  not  accessible  under  current  bias  conditions.  The  next 
figures  show  how  this  difficulty  can  be  avoided  through  the  use  of  a  voltage 
source  and  a  large  series  inductance:  The  shape  of  the  Riedel  peak  and  the 
related  sub-gap  structure  are  clearly  evident.  Later  figures  show  the  effect  of 
nonzero  source  resistance,  leakage  currents,  and  shunt  capacitance. 

There  is  a  brief  digression  to  illustrate  a  subtle  problem  connected  with 
the  use  of  the  nine  point  T  ■  0  filters.  This  is  followed  by  a  series  of  I-V 
characteristics  showing  the  effects  of  RF  currents  and  voltages. 

Some  measurements  of  the  AC  impedance  of  the  junction  are  shown  for  both 
the  RSJ  and  high  frequency  limits  of  the  analogue  (i.e.#  with  and  without  the 
filters  connected) .  After  this  are  some  measurements  of  the  impedance 
associated  with  the  plasma  resonance.  These  illustrate  the  effects  of  Re 
J^fu)  and  Im  on  the  resonant  response. 

The  behavior  of  the  analogue  can  be  summarized  in  a  few  paragraphs.  First, 
the  analogue  seems  to  do  a  good  job  of  modelling  gap  effects.  The  appearance  of 
sub-gap  structure  is  consistent  with  predicted  behavior,  in  that  it  appears  only 
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at  odd  submultiples  of  the  gap  voltage  for  a  current  biased  junction.  2,5  For 
a  suitable  choice  of  source  impedance,  structure  is  observed  at  even 
submultiples  as  well. 

The  qualitative  performance  of  the  analogue  in  modelling  nonlinear 
quasiparticle  tunnelling  is  good.  But  there  is  a  problem  associated  with  fine 
structure  in  the  imaginary  part  of  the  response  of  the  filter.  Under 

certain  conditions,  this  causes  the  quasiparticle  resistance  to  appear 
negative.  The  problem  can  be  avoided  at  a  cost  of  decreasing  the  resistance  at 
voltages  below  the  gap.  (This  is  discussed  further  in  section  8.7.) 

The  accuracy  of  this  version  of  the  analogue  was  not  sufficient  to  permit 
good  quantitative  measurements  of  small  signal  effects,  such  as  the  plasma 
resonance.  Although  qualitative  resuls  were  good,  the  numbers  did  not  come  out 
as  they  should.  Part  of  this  can  be  blamed  on  the  unwanted  cosine  phi  term 
introduced  by  the  low  pass  filters.  A  combination  of  noise  problems, 
particularly  in  the  VCO,  and  calculation  errors  by  the  six  multiplier  chips  is 
responsible  for  much  of  the  additional  error.  These  faults  were  subsequently 
improved  in  a  later  version  of  the  analogue.  (This  is  discussed  in  Chapter  8.) 
However,  the  results  presented  on  the  following  pages  are  the  first  of  their 
kind,  and  represent  a  significant  step  in  the  development  of  the  improved 
analogue  discussed  in  subsequent  chapters.  Furthermore,  these  results  do 
provide  some  insight  into  the  complexities  of  the  high  frequency  theory  of 
Josephson  tunnelling. 

Figure  4-11  shows  I-V  characteristics  for  the  analogue  under  current  and 
voltage  bias  conditions  (cf.  Fig.  2-6).  Under  current  bias  conditions,  negative 
resistance  regions  in  the  characteristic  are  inaccessible,  and  hysteresis  is 
evident.  Note  the  similarity  between  the  voltage  biased  characteristic  and  the 
filter  response  Im  J ,  (u> ) . 
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FIGURE  4-11.  VOLTAGE  AND  CURRENT  BIAS 
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To  investigate  the  nature  of  the  Riedel  peak,  the  analogue  was  connected  to 
a  voltage  source  via  a  large  inductance.  This  serves  to  make  the  analogue  look 
voltage  biased  at  DC,  and  current  biased  at  AC.  Figure  4-12  shows  the  results 
for  two  values  of  L.  Note  that  the  back  of  the  Riedel  peak  is  now  accessible 
and  that  sub-gap  structure  is  evident.  The  Riedel  peak  in  Figure  4-12a  is 
surprisingly  broad.  This  effect  was  later  traced  to  the  existence  of  negative 
resistance  oscillations,  which  result  from  the  presence  of  the  large  source 
inductance.  This  is  discussed  in  section  9.5. 

In  Figure  4-12b,  sub-gap  structure  appears  only  at  odd  submultiples  of  the 
gap  voltage  2A/e.  This  is  consistent  with  theoretical  predictions. 

Figure  4-13a  shows  the  effect  of  adding  a  resistance  in  series  with  the 
voltage  source  and  inductor.  The  gap  hysteresis  is  still  there,  but  the  finite 
source  resistance  causes  the  hysteretic  segments  to  have  negative  slope.  Figure 
4-13b  shows  the  effect  of  reducing  the  shunt  resistance  from  that  predicted  by 
the  IjRn  product.  This  reduces  the  effective  AC  source  impedance,  thus 
eliminating  much  of  the  gap  hysteresis.  (There  is  no  resistance  in  series  with 
the  voltage  source  in  Figure  4-13b.) 

The  inductor  is  removed  for  the  measurement  shown  in  Figure  4-14,  in  which 
the  analogue  is  connected  to  the  voltage  source  through  different  values  of 
series  resistance.  Note  the  transition  from  voltage  bias  to  current  bias. 

Figure  4-15  shows  the  opposite  effect.  The  analogue  is  connected  to  a  current 
source,  and  the  shunt  resistance  is  varied.  In  4-15a,  the  shunt  resistance  is 
that  given  by  the  I^R^  product.  As  this  resistance  is  decreased,  the 
hysteresis  diminishes,  and  the  junction  begins  to  look  RSJ  like. 

Figures  4-16  and  4-17  are  a  closer  examination  of  the  effects  of  voltage 
biasing  the  analogue  through  a  series  inductance.  As  the  inductance  is 


FIGURE  4-13.  EFFECT  OF  NONZERO  SOURCE  RESISTANCE 
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FIGURE  4-14.  EFFECT  OF  CHANGING  THE  SOURCE  RESISTANCE  (VOLTAGE  BIAS  LIMIT) 
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increased#  the  characteristic  approaches  that  of  the  current  biased  case.  Kote 
that  the  sub-gap  structure  occurs  only  at  odd  submultiples  of  the  gap  voltage, 
and  that  the  Riedel  peak  gradually  broadens  (cf.  section  9.5). 

Figure  4-18  shows  the  effect  of  adding  a  shunt  capacitance  to  the  analogue, 
which  is  still  voltage  biased  through  an  inductor.  The  AC  equivalent  circuit  is 
an  1C  network  in  parallel  with  the  analogue.  This  cavity  apparently  causes 

structure  to  appear  at  even  subeuiltiples  of  the  gap  voltage.  This  is  consistent 

2  5 

with  the  predictions  of  Werthamer  and  Harris.  * 

Figure  4-19  illustrates  the  effects  of  shunt  capacitance  on  the  DC  I-V 
characteristics  of  a  current  biased  analogue.  Results  are  shown  for  the 
analogue  operating  in  both  the  HSJ  and  high  frequency  Modes.  The  anount  of 
hysteresis  depends  on  the  RC  product.  In  the  high  frequency  case,  the  value  of 
R  to  be  used  is  that  of  the  differential  resistance  at  V  ■  0.  In  the  figure, 
this  is  approximately  ten  tines  as  large  as  Rg.  Thus,  for  a  given  anount  of 
hysteresis,  only  one  tenth  the  capacitance  is  needed  as  in  the  RSJ  case.  The 
large  anount  of  hysteresis  is  typical  of  that  observed  in  a  real  superconducting 
tunnel  junction. 

When  using  the  analogue  with  the  nine  pole  T  -  0  filters,  unrealistic 
behavior  was  observed  when  there  was  a  shunt  capacitance  and  a  high  source 
inpedance.  This  is  shown  in  Figure  4-20.  The  characteristics  of  the  current 
biased  and  voltage  biased  analogue  are  superimposed.  Under  current  bias 
conditions,  the  I-V  curve  enters  a  negative  resistance  region.  That  is,  the 
curve  enters  the  second  and  fourth  quadrants  of  the  I-V  plane,  and  the  i-v 
product  is  negative.  This  unrealistic  effect  was  traced  to  the  overshoot  in  the 
In  J1(u)  filter  response  at  the  gap  frequency.  The  overshoot  is  apparent  in 
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FIGURE  4-20.  ANOMALOUS  BEHAVIOR  OF  THE  CAPACITIVELY  SHUNTED  ANALOGUE 
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the  voltage  bias  curve  of  4-20b  at  the  gap  voltage  2A/e.  Before  making 
measurements  with  the  capacitively  shunted  analogue#  the  shunt  resistance  was 
decreased  until  the  X-V  characteristic  looked  realistic  from  an  energy 
conservation  point  of  view.  This  is  illustrated  in  Pigure  4-20a.  Note  that  the 
current  biased  curve  starts  behaving  properly  when  Rg  is  adjusted  to  lift  the 
overshoot  in  the  voltage  biased  curve  to  just  above  the  axis.  In  the  time 
domain#  this  overshoot  shows  up  as  a  voltage  source  at  the  gap  frequency.  If 
the  shunt  capacitance  is  sufficient  to  make  the  plasma  frequency  approach  the 
gap  frequency#  the  analogue  will  oscillate.  The  oscillations  disappear  when  the 
shunt  resistance  is  decreased#  or  the  capacitance  is  removed.  Por  most 
measurements  not  involving  capacitance#  the  shunt  resistance  was  set  to  satisfy 

sufficiently  to  get  rid  of  the  problem.  This  usually  meant  lowering  R^  from 
1500  to  1200  ohms.  It  may  be  that  the  overshoot  in  Xm  is  responsible 

for  the  apparent  structure  at  half  the  gap  voltage  in  Pigure  4-1 2a.  A  negative 
resistance  at  the  gap  frequency  might  generate  oscillations  at  half  that 
frequency#  resulting  in  the  observed  structure.  As  the  source  impedance  is 
decreased#  the  structure  goes  away. 

Pigure  4-21  shows  the  X-V  characteristics  for  an  assortment  of  RC 
products.  The  IjR^  product  is  less  than  *A/2e  for  all  four  curves#  so  the 
problem  described  above  is  avoided.  Note  the  structure  in  the  excess  currents 
below  the  gap  voltage  in  Pigure  4-*21b.  This  is  the  sort  of  behavior  seen  in  a 
real  junction.  There  has  been  some  controversy  as  to  whether  it  is  caused  by 
multiparticle  tunnelling#  which  is  not  modeled  by  the  analogue#  or  self-coupling 
effects#  which  are. 38 


product.  Por  measurements  using  a  capacitor#  R^  was  decreased 


f  ** 
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FIGURE  4-21.  EFFECT  OF  VARYING  THE  RC  PRODUCT 
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The  next  few  figures  show  the  effects  of  microwaves.  Figures  4-22  and  4-23 
show  characteristics  for  the  current  biased  analogue  with  the  drive  frequency  at 
the  gap  frequency  and  half  the  gap  frequency,  respectively.  As  the  RF  amplitude 
is  increased,  the  characteristics  get  washed  out.  Much  of  this  effect  can  be 
attributed  to  the  existence  of  the  photon-assisted  tunnelling  (PAT)  steps,  which 
interfere  with  the  Josephson  steps  and  smear  the  characteristic.  A  discussion 
of  this,  along  with  quantitative  measurements,  is  included  in  Chapter  9. 

Figure  4-24  shows  the  effect  of  varying  the  drive  frequency  while  holding 
the  amplitude  of  the  drive  current  constant.  There  seem  to  be  sene  spurious 
effects  in  curve  a,  but  the  spacing  between  steps  is  correct. 

Figure  4-25  was  obtained  by  varying  the  source  resistance.  The  gradual 
change  from  current  spikes  to  current  steps,  and  the  disappearance  of  gap 
hysteresis,  is  well  illustrated. 

Figure  4-26  shows  the  effect  of  driving  the  analogue  at  frequencies  just 
above  and  below  the  gap  frequency.  There  appears  to  be  some  spurious  behavior. 

The  next  several  pages  deal  with  the  AC  impedance  of  the  analogue.  The 
measurements  are  similar  to  those  described  in  Chapter  3  for  the  RSJ  model. 
Figures  4-27  and  4-28  show  results  obtained  using  the  analogue  in  both  the  RSJ 
and  high  frequency  modes  (i.e.,  with  and  without  the  filters  connected).  Note 
that  the  impedance  curves  for  the  high  frequency  case  are  not  symmetric  with 
respect  to  positive  and  negative  current,  because  of  the  hysteresis  (apparently 
RF  induced)  in  the  Z-V  characteristic.  The  current  is  swept  in  only  one 
direction  for  the  impedance  measurement,  which  would  otherwise  appear 
hysteretic.  In  the  RSJ  limit,  the  reactance  of  the  analogue  should  be  zero 
between  steps.  This  is  not  quite  the  case  when  the  analogue  is  operated  in  the 
RSJ  mode,  and  is  probably  due  to  cumulative  multiplier  error.  However,  in  the 


,T  THE  GAP  FREQUENCY 


FIGURE  4-24.  EFFECT  OF  VARYING  THE  FREQUENCY 
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FIGURE  4-25.  EFFECT  OF  CHANGING  THE  SOURCE  RESISTANCE  WHEN  RF  IS  PRESENT 
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FIGURE  4-28.  HIGH  FREQUENCY  IMPEDANCE  (CONTINUED) 
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high  frequency  node,  one  would  expect  Re  («)  to  contribute  a  reactive  tern 
between  steps.  It  is  interesting  to  note  that  in  Figure  4- 28b,  the  reactance  is 
negative  in  the  zeroth  order  step.  This  is  a  consequence  of  the  large 
difference  in  the  quasiparticle  resistance  between  the  RSJ  and  Werthaner  linits 
when  a  »  .4.  This  is  discussed  in  section  9.2. 

The  last  few  figures  deal  with  the  plasma  resonance.  The  capacitively 
shunted  analogue  is  current  biased  within  the  zeroth  order  step.  For  snail  RF 
currents,  the  analogue  will  look  like  a  parallel  RCL  network,  with  resonant 
frequency  given  by  equation  2-32.  The  Q  of  this  resonance  is  affected  by  the 
sign  and  magnitude  of  the  cos#  tern.  To  investigate  this,  efforts  were  made 
to  neasure  the  Q  under  a  variety  of  conditions.  However,  the  quantitative 
interpretation  is  complicated  since,  in  the  region  of  interest,  the  extraneous 
cos  #  term  introduced  by  the  low  pass  filters  can  be  significant.  As  a 
result,  the  measured  Q  was  often  larger  than  it  should  have  been,  as  the 
negative  cos#  term  increased  the  effective  resistance  of  the  analogue. 

However,  the  dependence  of  the  plasma  frequency  on  cos#  (cf.  Eq.  2-32),  was 
quite  well  followed.  And  for  small  input  signals,  the  resonance  was  clearly 
Lorentsian. 

For  the  first  five  figures,  the  analogue  was  operated  in  the  RSJ  node.  The 
figures  show  the  real  and  imaginary  parts  of  the  impedance  of  the  capacitively 
shunted  analogue  as  a  function  of  frequency.  The  measurement  technique  is 
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identical  with  that  used  for  previous  impedance  measurements,  except  that  the  DC 
bias  current  is  held  constant,  and  the  frequency  varied.  Figure  4-29  shows  a 
typical  resonance  for  several  values  of  RF  input  current.  The  resonant  peaks, 
as  well  as  the  half  power  points,  are  at  approximately  the  same  frequencies 
independent  of  current  amplitude.  The  amplitude  of  the  resonance  varies 
linearly  with  the  amplitude  of  the  input  current. 

Figure  4-30  shows  the  impedance  for  several  values  of  DC  bias  current.  The 

plasma  frequency  changes  in  the  appropriate  manner,  and  the  Q  follows  the 

expected  behavior  to  a  reasonable  degree.  Figure  4-31  is  a  plot  of  fp/Q  versus 

f  for  a  series  of  measurements.  If  the  cos*  term  is  sero,  f  /Q  should  be 
P  P 

constant,  and  all  of  the  points  should  fall  on  the  line  given  by  (2*10 
The  scatter  in  the  data  points  is  reproducible,  which  indicates  a  frequency 
dependent  source  of  error  in  the  analogue.  Investigation  suggests  that 
multiplier  inaccuracy  is  partly  to  blame.  Other  measurements  similar  to  those 
of  Figure  4-31  were  made,  but  they  were  considerably  less  consistent  with 
theory.  Attempts  to  make  quantitative  measurements  using  the  analogue  in  the 
high  frequency  mode  were  abandoned  until  the  necessary  improvements  were  made  to 
the  circuitry.  The  resulting  quantitative  data  are  presented  in  Chapter  9. 
However,  the  simple  qualitative  results  presented  here  illustrate  the  effects  of 
J^w)  and  J2(u).  Figure  4-32  shows  the  plasma  resonance  for  a  frequency 
less  than  the  gap  frequency.  The  top  curves  are  for  the  RSJ  limit.  The  second 
set  of  curves  are  with  the  J 2(w)  filters  connected.  This  causes  some 
structure  at  the  gap  frequency,  but  the  Q  is  not  greatly  affected.  The  third 
set  of  curves  are  for  the  analogue  with  both  J^(u)  and  J2(u)  connected. 

The  dramatic  increase  in  Q  is  a  result  of  the  high  quasiparticle  resistance  at 
voltages  below  the  gap.  The  decrease  in  resonant  frequency  is  due  to  the 
inductance  of  Re  J^fu)  (cf.  Section  2.6). 


FIGURE  4-29.  PLASMA  RESONANCE  VS  RF  AMPLITUDE  (RSJ  LIMIT) 


PLASMA  RESONANCE  VS  COS  PHI  (RSJ  LIMIT) 


200  hz 


C  ■  22yM 
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FIGURE  4-32.  PLASMA  RESONANCE  (HIGH  FREQ  ANALOGUE) 
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The  measurements  illustrated  in  Figure  4-33  are  identical  to  those  of 
Figure  4-32,  except  that  the  plasma  frequency  is  greater  than  the  gap 
frequency.  The  top  curves,  for  the  RSJ  limit,  are  reasonably  Lorentzian.  As  in 
Figure  4-32,  the  effect  of  connecting  the  filters  is  to  lower  the 

resonant  frequency.  However,  the  Q  is  not  raised  dramatically,  as  the  J^u) 
filter  has  little  influence  on  the  resistance  of  the  analogue  above  the  gap 
frequency.  In  Figure  4-33b,  the  large  negative  amplitude  of  Im  J2(u)  above 
the  gap  frequency  seems  to  increase  the  Q  slightly. 

Figures  4-34  and  4-35  show  the  effect  of  increasing  the  amplitude  of  the 
RF  input  to  the  analogue  when  operated  in  the  RSJ  mode.  As  expected,  the  curves 
begin  to  look  very  non- Lorentzian . 


4. 7  Summary 

The  discussion  and  results  presented  in  this  and  the  previous  chapters 
represent  an  overview  of  the  design  of  the  original  versions  of  the  high 
frequency  analogue.  The  results  have  demonstrated  that  Waldram's  scheme  for 
modelling  the  high  frequency  theory  is  not  only  feasible,  but  practical  as 
well.  Inspired  by  this,  further  improvements  were  made  to  the  analogue,  and 
experiments  were  repeated  in  a  quantitative,  as  opposed  to  qualitative,  manner. 

The  next  several  chapters  describe  this  work,  beginning  with  additional 
discussion  of  the  high  frequency  theory.  This  is  followed  by  a  description  of 
how  the  analogue  has  been  improved,  and-  a  summary  of  the  numerous  additional 
results  that  have  been  obtained. 


4-51 


NSWC  MP  81-519 


RSJ 


C  *  .022/Jfd  fgap  *  1 000  Hz 

Rn  -  1800H 

SIN0.-O 


FIGURE  4-33.  PLASMA  RESONANCE  (HIGH  FREQ  ANALOGUE,  CONTINUED) 


FIGURE  4-35.  PLASMA  RESONANCE-EFFECTS  OF  INCREASING  RF  AMPLITUDE  (RSJ  LIMIT) 
(CONTINUED) 
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CHAPTER  5 

DISCUSSION  OF  THE  HIGH  FREQUENCY  THEORY 


5.1  Introduction 

In  Chapter  2,  the  high  frequency  theory  developed  by  Werthamer  was 
discussed  in  very  pragmatic  terms,  with  little  attention  given  to  the 
underlying  physics.  In  this  section  we  elaborate  on  the  earlier  discussion 
by  calling  attention  to  the  various  assumptions  implicit  in  the  theory, 
and  also  to  the  strengths  and  weaknesses  of  the  theory.  As  the  basics  of 
the  RSJ  and  Werthamer  models  have  already  been  discussed,  this  section  is 
relatively  informal.  It  is  designed  to  stress  points  that  have  not  been 
discussed  earlier,  and  is  not  a  complete,  self-contained  discussion  of  the 
theory. 

5.2  Josephson's  Calculation 

Prior  to  Josephson's  work,  it  was  believed  that  multiparticle 

tunnelling  between  two  superconducting  electrodes  could  occur.  However, 

it  was  assumed  that  such  tunnelling  would  be  highly  inprobable ,  and  thus 

unobservable,  compared  to  single  particle  tunnelling.  For  example,  if  the 

current  due  to  single  particle  tunnelling  is  proportional  to  the  square 

2 

of  a  matrix  element,  T  ,  the  current  due  to  events  in  which  two  electrons 

4 

tunnel  simultaneously  would  be  expected  to  be  proportional  to  T  .  This  was 

based  on  the  assumption  that  the  simultaneous  transfer  of  two  electrons 

was  an  incoherent  process,  and  that  its  probability  was  proportional  to  the 

product  of  the  probabilities  of  the  separate  one  electron  transfers. H 

Josephson  demonstrated  the  existence  of  a  coherent  process  in  which 

two  electrons  tunnel  simultaneously.  This  process  has  an  effective  matrix 

2 

element  proportional  to  T  ,  but  since  it  is  coherent,  the  tunnel  current 
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is  proportional  to  the  effective  matrix  element,  and  not  to  its  square.  The 

2 

current  is  thus  proportional  to  T  ,  as  in  single  particle  tunnelling.  This 

process  is  illustrated  in  Figure  5-1.  (In  the  various  sketches,  the 

possible  contributions  to  the  tunnel  current  are  shown  with  respect  to  the 

Bose  condensate  of  paired  electrons  at  the  Fermi  energy,  and  the  bands  of 

excited  quasiparticle  states  above  the  Fermi  energy.)  Figure  5-la  shows 

the  transfer  of  a  single  excitation  across  the  barrier.  This  particular 

process  will  occur  only  at  finite  temperature,  as  it  relies  on  the 

existence  of  occupied  states  above  the  Fermi  level.  This  process  is 
2 

proportional  to  T  . 

Figure  5-lb  illustrates  a  multiparticle  tunnelling  event  in  which 

two  excitations  cross  the  barrier  simultaneously.  This  is  shown  in 

terms  of  a  virtual  state,  which  is  a  convenient  way  of  illustrating  the 

intermediate  state  that  arises  in  the  perturbation  theory  used  to  describe 

the  event.  The  tunnel  current  for  the  process  in  Figure  5-lb  is  proportional  to 
4 

T  ,  as  the  two  electrons  tunnel  incoherently.  This  process  also  occurs 
only  at  finite  temperature. 

Figure  5-lc  shows  the  pair  tunnelling  process  predicted  by  Josephson.7 

In  this  case,  two  electrons  from  the  condensate  cross  the  barrier 

coherently,  resulting  in  a  contribution  to  the  current  proportional  to 
2  4 

T  ,  not  T  .  Note  that  this  process  occurs  at  zero  voltage.  This  is  the 
DC  Josephson  effect.  (As  before,  the  virtual  state  is  a  means  of 
illustrating  certain  aspects  of  the  perturbation  theory  used  to  describe 
the  transition.)  The  DC  Josephson  effect  can  occur  at  zero  temperature. 

The  next  few  sketches  show  other  tunnelling  events  that  are  of 
interest.  Figure  5-ld  shows  how  breaking  a  Cooper  pair  can  result  in  the  transfe 
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FIGURE  5-1  TUNNELING  PROCESSES  IN  JOSEPHSON  JUNCTIONS 
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of  a  single  electron  across  the  barrier.  Note  that  for  voltages  eV  <  A^  +  A^> 

this  process  will  not  occur,  as  sufficient  energy  is  not  available.  However, 

with  the  addition  of  a  photon  (or  phonon),  this  process  can  happen,  as 

shown  in  5-le.  Figure  5-lf  shows  an  example  of  an  energy  conserving 

multiparticle  tunnelling  event.  The  energy  gained  by  the  transfer  of  a 

pair  across  the  barrier  is  sufficient  to  break  another  pair  and  form  two 

quasiparticle  excitations,  one  on  either  side  of  the  barrier.  This  process 

2 

is  of  much  higher  order  than  T  .  As  processes  such  as  these  are  highly 
improbable,  Josephson  neglected  them  in  his  calculation.  The  last  sketch. 

Figure  5-lg,  shows  the  transfer  of  a  Cooper  pair  as  in  Figure  5-lc,  but 
for  nonzero  voltage.  Note  that  a  photon  of  energy  hf  *  2eV  is  emitted. 

This  is  the  AC  Josephson  effect. 

Various  aspects  of  the  Josephson  effects  will  be  discussed  in  more 
detail  in  connection  with  the  Werthamer  theory.  At  this  point,  it  is 
worth  discussing  more  completely  some  of  the  assumptions  implicit  in 
Josephson* s  original  work. 

First,  in  his  original  calculation,7  Josephson  required  that  the 
voltage  across  the  tunnel  junction  be  constant,  or  at  most  slowly  varying. 

This  meant  that  the  phase  difference  could  be  defined  very  simply  by 
<f>  *»  2irft,  where  f  is  the  Josephson  frequency  2eV/h.  This  greatly 
simplified  his  calculation,  but  eliminated  many  interesting  aspects  of  the 
problem. 

Second,  Josephson  chose  a  situation  in  which  higher  order  processes, 
such  as  the  multiparticle  tunnelling  in  Figures  5- lb  and  5-lf,  would  be  negligible 
with  respect  to  the  single  electron  and  coherent  pair  processes.  On  the 
other  hand,  these  latter  events  were  assumed  to  be  highly  probable,  yet 
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describable  in  terms  of  simple  perturbation  theory.  £n  a  real  situation,  this 
corresponds  to  a  tunnel  junction  where  the  barrier  is  neither  too  wide 
(no  tunnelling  probable)  nor  too  narrow  (higher  order  processes  probable) . 

That  this  situation  is  reasonable  can  be  seen  from  the  following  argument. 

Simple  quantum  tunnelling  through  a  barrier  can  be  described  by  an 
egression  I  -  A  esq?  (-x/B) ,  where  x  is  the  barrier  thickness  and  B  is 
related  to  the  barrier  height.  For  a  typical  situation,  this  transmission 
coefficient  can  be  approximated  by  exp (-x/ Angstrom) ,  or  exp (-x) ,  where  x 
is  in  Angstroms.  A  higher  order,  multiparticle  tunnelling  current  would 
be  proportional  to  exp  (-2x) .  For  x  on  the  order  of  an  Angstrom,  exp  (-x) 
and  exp(-2x)  are  comparable  in  magnitude.  However,  for  x  -  10,  the 
transmission  coefficient  is  large  enough  that  exp(-x)  describes  an 
observable  current,  is  small  enough  that  this  current  can  be  described  as 
a  small  perturbation,  and  is  such  that  terms  proportional  to  exp(-2x)  can  be 
completely  neglected.  Barrier  thicknesses  of  this  size  are  what  one 
achieves  if  the  barrier  is  formed  by  natural  means,  such  as  letting  a  thin 
film  of  superconductor  oxidize  in  a  room  atmosphere  until  reaching 
equilibrium. 

In  an  actual  tunnel  junction,  one  can  be  reasonably  confident  that 
multiparticle  effects  are  small,  if  not  negligible.  If  multiparticle 
effects  were  a  major  contribution  to  the  tunnel  current,  the  total  current 
would  be  in  significant  disagreement  with  the  current  predicted  by  the  IjR^ 
product  deduced  by  Josephson,  and  this  turns  out  not  to  be  the  case.  On  the 
other  hand,  it  is  sometimes  likely  that  a  tunnel  junction  will  have  cpots 
where  the  tunnel  barrier  is  locally  much  thinner  than  for  the  rest  of  the 
junction.  This  permits  some  multiparticle  tunnelling  to  occur,  but  in 
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amounts  small  enough  not  to  make  the  total  current  behave  in  an 
un-Josephsonlike  manner.  Such  locally  thin  regions  are  found  in  junctions 
made  using  simple  evaporation  and  oxidation  techniques,  where  pinholes  in 
the  barrier  are  common.  However,  state-of-the-art  techniques  permit 

13 

fabrication  of  junctions  that  show  no  sign  of  multiparticle  effects,  ar.d 
Josephson's  original  assumptions  are  well  established  as  to  their  validity. 

In  making  the  assumption  that  the  junction  voltage  was  constant, 
Josephson  greatly  simplified  his  calculations.  By  making  the  further 
assumption  that  the  voltage  was  small  compared  to  the  gap  voltage  of  the 
superconductor  (which  in  the  voltage  bias  limit  corresponds  to  saying  the 
current,  as  well  as  the  voltage,  is  slowly  varying),  Josephson  was  able  to 
treat  quantities  such  as  the  critical  current  and  junction  voltage  as  being 
constant.  This  assumption  allows  one  to  ignore  much  of  the  BCS  theory 
once  the  calculation  is  complete.  For  example,  the  RSJ  model  contains  no 
direct  reference  to  temperature  or  the  superconducting  energy  gap. 

Lastly,  Josephson  worked  completely  within  the  framework  of  the  BCS 
theory.  With  respect  to  the  RSJ  model,  any  corrections  to  BCS  (to  take 
into  account  strong  coupling  effects,  for  instance)  would  be  reflected 
primarily  in  an  adjustment  of  the  product. 

5.3  The  Werthamer  Theory 

Simply  put,  the  Werthamer  theory  is  a  repeat  of  Josephson's  calculation 

but  with  no  simplifying  assumptions  made  about  the  magnitudes  or 

5 

frequencies  of  the  junction  voltage  and  current.  The  assumptions  about 
higher  order  effects  and  validity  of  perturbation  theory  are  the  same,  and 
the  calculation  is  done  within  the  confines  of  the  BCS  theory.  The 
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differences  between  Josephson 1 s  first  calculation  and  the  Werthamer  theory 
are  well  seen  by  examing  the  differences  between  the  block  diagram  of  the 
RSJ  analogue  (Figure  5-2a)  and  that  of  the  high  frequency  analogue  (Figure 
5-2b) .  Note  that  the  RSJ  analogue  contains  only  a  sine  term  (no  cosine 
term,  except  for  the  extraneous  contribution  caused  by  the  unwanted 
phase  shift  of  the  low  pass  filter) ,  and  that  the  temperature  and  frequency 
dependent  response  functions  and  are  either  ignored  or  treated  as 
being  constant. 

It  might  be  well  to  note  that  and  represent  spectral  response 
functions,  which  contain  all  of  the  information  about  the  quantum  response 
of  a  tunnel  junction  to  an  applied  current  or  voltage.  The  use  of  the 
functions  ^  and  Jj  silo™  for  s  clsssicl  mod.1  of  .  quut.  ph«.on»»o. 
(e.g.,  the  filters  in  the  electronic  analogue  model  quantum  behavior  in 
a  classical  way) . 

Figure  5-3  illustrates  some  of  the  important  aspects  of  the  Werthamer 
theory  in  more  detail.  Figure  5- 3a  shows  the  transfer  of  a  single  excitation 
via  a  pair  splitting  process  at  eV  -  A^  +  A^.  As  mentioned  before,  this 
process  will  not  occur  for  voltages  less  them  eV  -  A^  +  L^.  However,  due  to 
the  singularities  in  the  densities  of  states  at  the  gap  edge,  the  onset  of 
this  current  at  eV  ■  A1  +  will  be  extremely  rapid.  This  accounts  for  the 
sharp  knee  observed  in  the  quasiparticle  current  of  a  tunnel  junction  at  the 
gap  voltage  (cf.  Figure  5-3b) .  For  T  >  0,  there  will  also  be  excitations 
of  the  form  diagrammed  in  Figure  5-la,  resulting  in  quasiparticle  current 
at  voltages  less  than  the  gap  voltage. 

The  singularity  in  the  density  of  states  is  also  reflected  in  the 
Riedel  peak  in  tne  supercurrent  at  the  gap  voltage  for  a  current  biased 
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FIGURE  5-2b  BLOCK  DIAGRAM  OF  THE  HIGH  FREQUENCY  ANALOGUE 
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tunnel  junction.  This  is  sketched  in  Figure  5- 3c.  The  supercurrent  is 
represented  by  the  transfer  of  a  pair  across  the  barrier  via  an  intermediate 
state.  In  second  order  perturbation  theory,  the  probability  of  this  transfer 
is  proportional  to  the  inverse  of  the  difference  between  the  energy  of  the 
original  state  and  that  of  the  intermediate  state.  For  a  given  bias  level, 
the  probability  is  dominated  by  the  intermediate  state  contributions  in  which 
the  difference  between  these  two  energies  is  at  or  near  zero.  When 
eV  ■  A^  +  A2,  the  intermediate  state  for  which  the  energy  difference 
is  zero  can  coincide  with  the  singularity  in  the  density  of  states  at  the  gap 
edge.  The  Riedel  peak  in  the  supercurrent  at  eV  ■  A^  +  A2  arises  from 
this  coincidence. 


Figure  5-3d  shows  a  single  excitation  crossing  the  barrier  for  a  voltage 
eV  less  than  A^  +  The  extra  energy  required  to  break  a  pair  is 

provided  by  a  photon.  In  the  sketch,  the  photon  has  just  enough  energy  to 
create  excitations  at  the  edge  of  the  excitation  spectrum,  where  the  density 
of  states  is  singular.  In  this  case  the  photon  must  provide  energy 


hv  =  (A^  -  eV)  +  A2 

This  photon-assisted  tunnelling  causes  steps  to  appear  in  the  time- 
averaged  I-V  characteristic  of  the  junction  at  the  voltages 


(5-1) 


eV  ■  A^  +^2  +  nhv 


(5-2) 


where  n  is  an  interger. 

At  this  point  we  can  discuss  the  existence  of  structure  at  submultiples 
of  the  energy  gap  voltage  (A^  +  A2)/e  .  If  the  photon  assisted 
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tunnelling  described  above  is  caused  by  the  feedback  of  current  at 
multiples  of  the  Josephson  frequency  from  the  source  impedance,  as  opposed 
to  being  provided  externally  by  photons  of  arbitrary  frequency,  then 
there  will  be  a  relationship  between  the  energy  of  the  photons  and  the 
bias  voltage.  This  results  in  the  presence  of  various  structure  in  the 
time-averaged  current-voltage  characteristic  of  the  junction.5  For 
example ,  if  the  junction  is  biased  through  a  finite  source  impedance  at  an 
average  value  eV,  then  photons  will  be  available  at  all  multiples  of  the 
Josephson  frequency  hf  •  2eV.  (Strictly  speaking,  DC  super current  can 

U 

only  exist  when  the  source  impedance  is  nonzero.  In  the  constant  voltage 
limit,  there  is  no  time  average  supercurrent ,  and  the  effects  we  are 
discussing  will  not  be  apparent  in  the  DC  I-V  characteristic.)  These 
photons  can  contribute  to  additional  pair  splitting,  and  at  certain  bias 
levels  this  effect  is  enhanced  by  the  singularity  in  the  density  of 
states  at  the  gap  edge. 

For  example,  Figure  5-4a  shows  a  photon  of  energy  hf  (generated  by  the 

transfer  of  a  pair  across  the  barrier  as  in  Figure  5-lg)  being  fed  back  to  the 

junction  via  a  complex  interaction  with  the  source  impedance.  If  the  bias 

voltage  is  such  that  the  energy  hf  is  just  enough  to  split  a  pair  and 

J 

create  excitations  at  the  gap  edge,  then  this  feedback  effect  will  be 
enhanced  by  the  singularity  at  the  gap  edge.  That  is,  when 

hf,  ■  A  -  eV  +  A,  (5-3) 

J  1  2 

When  the  pair  recombines,  a  photon  must  be  emitted  with  energy  rnhf, 

J 

(m  is  an  integer)  such  that 
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mhf  =*  hf  +  2eV  (5-4) 

U 

Since  hf  ■  2eV,  we  have  m  ■  2.  In  the  general  case,  the  splitting 

u 

of  a  pair  with  a  photon  of  energy  hf  is  enhanced  by  the  gap  singularity 
whenever 

nhf  _  -A,  +  A-  eV  (5-5a) 

J  1  2 

or 

eV  -  (A  +  A2)/(2n  +  1)  .  (5-5b) 

The  emitted  photon  has  an  energy 

mhf  _  -  nhf  +  2eV  (5-5c) 

J  J 

or 

m  »  n  +  1  (5-5d) 

For  the  case  where  n  -  0,  we  have  the  Riedel  peak  at  eV  -  A^  +  A^.  For 
n  >  0,  we  see  "images"  of  the  Riedel  peak  at  sub-gap  voltages  given  by 

eV  -  (A^  +  A2)/(2n  +  1)  (5-5e) 

For  a  current  biased  junction,  this  odd  series  shows  up  as  extra 
structure  in  the  time-averaged  I-V  characteristic  (cf.  Fig.  5-4b) .  This 
feedback  of  Josephson  photons  back  to  the  junction  via  the  source 

39 

impedance  is  sometimes  referred  to  as  "frequency  dependent  self -coupling" . 

An  additional  effect  which  is  of  interest  occurs  at  even  submultiples 
of  the  gap  voltage  2A/h.  In  this  case,  currents  at  multiples  of  the 
Josephson  frequency  are  affected  by  the  sharp  rise  in  the  surface  impedance 
of  the  junction  electrodes  at  the  gap  frequency. ^  This  rise,  which  is 
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relatively  broad  compared  to  the  sharp  structure  associated  with  the  Riedel 

peak,  shows  up  in  the  time-averaged  I-V  characteristic  as  broad  structure 

at  the  voltages  eV  *  2A/2n,  where  n  is  an  integer.  In  the  case  of  a  junction 

comprised  of  different  superconductors,  structure  appears  at  voltages 

eV  =  2A^/2n  and  2L^/2n.  This  broad  structure  is  shown  in  Figure  5-4c 

as  calculated  for  a  junction  comprised  of  identical  superconductors  having 

2 

a  surface  impedance  of  the  type  described  by  Mattis  and  Bardeen. 

Another  process  which  will  yield  an  odd  series  of  sub-gap  structure 
can  result  from  higher  order,  multiparticle  tunnelling  as  shown  in 
Figure  5-lf.  The  energy  required  to  split  a  pair  and  create  two  quasi¬ 
particles  (one  of  which  crosses  the  barrier)  is  generated  by  the  simultaneous 

2  5 

direct  transfer  of  one  or  more  pairs  across  the  barrier.  ’  This  is 
enhanced  by  the  gap  singularity  when 

2neV  -  Ax  -  eV  +  A2  (5-6a) 

or 

eV  »  (Al  +  A2)/(2n  +  1)  (5-6b) 

As  discussed  earlier,  this  process  is  not  included  in  either 
Josephson's  or  Werthamer' s  treatment  of  the  tunnelling  problem. 

One  of  the  shortcomings  of  the  Werthamer  theory  is  that  it  ignores 
non-BCS  effects  in,  for  example,  lead  tunnel  junctions,  where  strong¬ 
coupling  effects  are  present.  Some  of  these  effects  can  be  incorporated 
into  the  Werthamer  theory  by  modifying  the  functions  and  In  the 

simplest  case,  this  would  mean  adjusting  these  functions  so  that  the  I  R, 

J  N 

40 

product  and  gap  frequency  agree  with  experimental  observation.  Kulik, 

41 

et  al.  have  carried  this  a  step  further  by  modifying  the  individual 
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response  curves  to  account  for  anisotropy  and  relaxation  effects,  and  the 
influence  of  electrode  inhomogeneity. 

Another  effect  which  is  not  included  in  the  Werthamer  theory  is 

phonon-assisted  tunnelling.  However,  this  is  of  little  consequence  in 

junctions  comprised  of  weak-coupling  superconductors  (e.g.,  tin),  and 

42 

disappears  in  all  types  of  junctions  as  T  approaches  zero. 

In  any  event,  deviations  from  BCS  are  not  expected  to  change  the 
basic  nature  of  the  frequency,  temperature,  and  voltage  dependences  described 
by  Werthamer.  Furthermore,  in  junctions  comprised  of  weak-coupling 
super conductors, which  are  well  described  by  the  BCS  theory,  one  would 
expect  the  Werthamer  description  to  be  quite  good.  As  for  multiparticle 
and  any  anomalous  effects,  the  current  experimental  situation  seems  to  be 
that  people  are  striving  to  fabricate  junctions  that  conform  with  the  theory, 
as  opposed  to  developing  more  complex  theories  that  describe  nonideal 
junctions.  The  conclusion  is  that  for  tunnel  junctions  which  are  currently 
of  interest,  the  theoretical  model  used  by  Werthamer  is  sound,  and 
represents  a  substantial  improvement  over  the  RSJ  model.  (As  pointed  out 
in  an  earlier  chapter,  other  types  of  weak  links,  such  as  microbridges,  are 
more  adequately  described  by  the  RSJ  model.  One  would  expect  that  the 
theories  of  microbridges  and  tunnel  junctions  might  differ  substantially , 
so  this  is  not  necessarily  a  criticism  of  the  Werthamer  formulation.1'1') 

5.4  Experimental  Corroboration  of  the  Werthamer  Theory 

Surprisingly,  there  is  not  a  great  deal  of  experimental  evidence  to 
support  the  finer  details  of  the  Werthamer  theory.  There  is  also  experimental 
evidence  that  is  in  direct  disagreement  with  it.  Most  of  the  difficulty 
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arises  from  the  presence  of  the  shunt  capacitance  in  a  tunnel  junction. 

This  causes  the  tine-averaged  current-voltage  characteristic  to  be  highly 

hysteretic,  with  the  result  that  most  of  the  structure  predicted  by  the 

theory  is  hidden.  For  example,  the  Riedel  peak  and  corresponding  sub-gap 

structure  are  completely  wiped  out  for  even  relatively  small  values  of 

2 

shunt  capacitance.  This  is  shorn  in  Figure  5-5. 

On  the  other  hand,  the  presence  of  the  highly  nonlinear  quasiparticle 

curve  is  clearly  demonstrated  in  the  high  capacitance  limit.  In  a  tunnel 

junction,  this  current  is  often  in  good  agreement  with  the  prediction  that 

17 

I  approaches  Im  J  as  the  source  impedance  is  lowered. 

The  most  significant  disagreement  between  tneory  and  experiment  seems 

to  be  the  question  of  whether  the  cosine  phi  term  is  positive  or  negative 

with  respect  to  the  quasiparticle  term  in  the  low  frequency,  low  voltage 

limit.11  Most  experimental  evidence  suggests  that  the  sign  of  the  cos  phi 

term  is  negative,  whereas  the  Werthamer  theory  clearly  predicts  it  will  be 
8  9  43  44 

positive.  '  '  ’  The  interpretation  of  the  experimental  evidence  has 

been  done  on  the  basis  of  the  RSJ  model  with  modification  to  include  the 
cosine  phi  term,  however.  As  discussed  in  the  next  chapter,  this  can 
lead  to  important  errors  in  both  the  qualitative  and  quantitative 
evaluation  of  the  data.  However,  taking  this  into  account  does  not 
resolve  the  discrepancy. 

There  are  two  popular  explanations  for  the  discrepancy.  First  of  these 

is  the  suggestion  that  "relaxation  effects"  introduce  a  negative  cos$  term 

in  much  the  same  way  the  low  pass  filter  in  the  Bak  analogue  does.  This 

argument  is  generally  put  forth  with  little  or  no  theoretical  justification 
43  45 

or  discussion.  ’  Although  relaxation  processes  having  a  negative  cos<j> 
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term  may  well  exist  in  other  types  of  weak  links  (e.g.-  microbridges), 
relaxation  effects  are  already  built  into  the  Werthamer  theory  in  the  first 
place  by  including  the  time  dependence  of  the  superconducting  response 
functions  throughout  the  entire  derivation.  There  may  be  other  relaxation 
effects  that  have  not  been  considered  properly,  but  the  ad  hoc  addition  of 
a  negative  cosine  phi  term  due  to  relaxation  seems  unjustified  at  this 
time. 

41 

The  second  explanation,  put  forth  by  theorists,  suggests  that  one 
or  more  factors  (such  as  gap  anisotropy  or  electrode  inhomogeneity) cause  a 
smearing  of  the  Riedel  peak.  This  in  turn  affects  the  response  function 
Im  J2  via  the  Kramers-Kronig  relationship.  This  argument  seems  plausible, 
and  it  leads  to  the  conclusion  that  the  cos  phi  term  will  be  positive  near 
the  transition  temperature  of  the  junction,  and  then  go  negative  as  the 
temperature  is  reduced.  This  is  in  qualitative  agreement  with  many 
experimental  results,  but  the  predicted  temperature  at  which  the  transition 


from  positive  to  negative  occurs  is  substantially  different  from  that 

A3  A 

.  _  ,  ...  ’  kb  it  stands  now,  the  problem  with  the 

measured  experimentally. 

sign  of  the  cos  phi  term  is  still  an  unresolved  controversy. 


The  support  for  the  Werthamer  theory  comes  from  three  major 
observations;  the  strong  nonlinearity  in  the  quasiparticle  current  as 
described  by  the  function  Im  J^,  observation  of  sub-gap  structure  in  the 
measured  current-voltage  relationships  of  a  tunnel  junction,  and  measurement 

17,33  21 

....  T.  .  .....  .k.  .V. .  ..  ...J.k..  .k. 


of  step  heights. 


In  a  sense,  the  first  observation  predates  the 


Werthamer  theory,  as  one  need  not  derive  the  Josephson  effects  to  derive  the 
quasiparticle  current.  However,  one  of  the  key  points  in  the  Werthamer 


theory  is  that  the  response  function  Im  J1  is  intimately  connected  to  the 
*N.  F.  Pedersen  personal  communication 
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other  response  functions  (i.e.,  the  earlier  theoretical  and  experimental 
work  by  Giaever  and  others  is  really  a  limiting  case  of  the  Werthamer 
theory).  Anyway,  there  is  good  agreement  between  the  observed  quasiparticle 
characteristics  of  tunnel  junctions  and  those  predicted  by  theory. ^  (When 
there  are  strong  quantitative  disagreements,  they  can  often  be  explained 
by  well  understood  processes  such  as  gap  anisotropy,  phonon-assisted 
tunnelling,  and  strong-coupling  effects.  In  addition,  changing  the 
conditions  under  which  the  junction  is  oxidized  will  often  improve  the 
agreement. ) 

With  respect  to  the  second  of  the  three  lines  of  support  mentioned 

above,  the  observation  of  sub-gap  structure  has  generally  been  consistent 

with  the  Werthamer  theory.  The  difficulty  arises  from  the  fact  that  it  is 

also  in  agreement  with  the  behavior  predicted  for  multiparticle  tunnelling 

as  described  in  the  previous  section.  The  most  important  work  on  the 

subject  is  that  of  Giaever  and  Zeller,  who  used  a  tunnel  junction  having  a 

light  sensitive  barrier  to  vary  the  tunnelling  probability  for  the 
47 

electrons.  using  arguments  similar  to  the  discussion  of  multiparticle 

tunnelling  in  section  5.2,  they  demonstrated  that  Werthamer 's  explanation 

of  sub-gap  structure  based  on  frequency  dependent  self-coupling  is  a 

better  argument  than  that  of  multiparticle  tunnelling. 

In  his  investigation  of  the  high  frequency  theory,  Hamilton  measured 

the  power  and  frequency  dependence  of  both  the  microwave  induced  Josephson 

steps  and  the  photon-assisted  quasiparticle  steps  in  a  junction's  DC 
21 

characteristic.  He  wac  able  to  show  the  existence  of  the  Riedel  peak,  as 
well  as  good  agreement  between  theory  and  experiment  for  the  dependence  of 

step  heights  on  both  frequency  and  RF  power.  His  measurements ,  made  using 
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tin  tunnel  junctions,  indicated  seme  smearing  of  the  Riedel  peak.  This 
offers  support  to  the  theoretical  efforts  to  explain  the  cosine  phi 
problem  in  these  terms. 

With  the  exception  of  the  cosine  phi  controversy,  the  Werthamer  theory 
seems  to  be  on  relatively  firm  ground,  even  though  there  is  not  an 
overpowering  amount  of  experimental  evidence  either  to  deny  or  support  it. 

As  the  state-of-the-art  in  junction  fabrication  progresses,  the  size  and 
capacitance  of  tunnel  junctions  will  decrease  substantially,  and  there  will 
be  more  direct  experimental  evidence  to  either  support  or  refute  the 
Werthamer  theory.  There  is  a  strong  case  to  be  made  that  some  of  the 
earlier  experiments  done  to  verify  the  theory  should  be  repeated  using  the 
smaller,  improved  junctions  that  can  be  fabricated  today.  This  will 
eliminate  much  of  the  controversy  concerning  self-field  limiting  effects,  poor 
tunnelling  barriers,  and  unknown  junction  parameters. 

5.5  Electronic  Modelling  of  the  Werthamer  Theory 

The  basic  premise  of  this  thesis  is  that  it  is  possible  to  accurately 
model  the  Werthamer  theory.  There  has  been  some  skepticism  that  a  non¬ 
quantum  device  such  as  the  analogue  can  successfully  model  quantum 
phenomena  such  as  photon-assisted  tunnelling.  It  is  safe  to  say  that 
anything  that  is  in  Werthamer 's  equation  for  the  current  through  a  tunnel 
junction  will  be  modelled  by  the  analogue.  The  accuracy  with  which  this  is 
done  will  depend  on  the  linearity  and  dynamic  range  of  the  electronic 
circuitry,  the  accuracy  with  which  the  functions  and  are  modelled, 
and  noise  pickup.  The  "classical"  nature  of  the  analogue  is  net  a 
limitation,  as  we  are  dealing  with  average  macroscopic  quantities,  and  not 
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with  individual  quantum  fluctuations.  For  example ,  the  analogue  cannot 
model  the  response  of  a  junction  to  a  single  photon,  which  has  an  element 
of  uncertainty  to  it.  But  the  same  is  true  of  the  Werthamer  theory 
itself,  and  of  all  quantum  theory.  The  analogue  is  an  accurate  model 
for  the  predictions  of  the  Werthamer  theory,  but  the  theory  can  only 
predict  how  a  junction  behaves  on  average.  Fortunately,  we  are  in 
practice  concerned  only  with  large  currents  and  photon  densities,  and 
the  quantum  statistical  fluctuations  can  be  safely  ignored. 

As  an  example  of  what  goes  on  inside  the  analogue  when  it  is 
modelling  what  are  essentially  quantum  phenomena ,  consider  the  generation 
of  photon-assisted  tunnelling  steps.  If  the  analogue  is  biased  with  a 
constant  voltage,  the  output  of  the  voltage  controlled  oscillator  will  be 
sinusoidal.  The  outputs  of  the  and  J2  filters  will  also  be  sinusoidal, 
and  the  only  DC  current  will  be  that  drawn  by  the  quasiparticle  resistance. 
If  photons  are  added  (by  biasing  the  analogue  with  an  RF  signal  generator 
as  well  as  a  DC  voltage  source),  then  the  VCO  output  will  no  longer  be 
purely  sinusoidal.  The  sine  phi  and  cosine  phi  signals  will  contain 
harmonics  of  all  of  the  sum  and  difference  frequencies  of  the  Josephson 
frequency  and  the  applied  RF.  At  particular  combinations  of  DC  bias 
(which  controls  the  Josephson  frequency)  and  applied  RF,  the  sine  $/2  and 
cosine  $/2  signals  will  contain  harmonics  which  coincide  with  the  gap 
frequency.  When  this  happens,  the  outputs  of  the  filters  will  be 
enhanced  by  the  discontinuity  in  Im  J^.  The  outputs  will  also  be 
phase  shifted  in  such  a  way  that  the  time  average  c f.  the  products  of  their 
outputs  at  the  gap  frequency  with  the  original  sine  $/2  and  cosine  $/2 
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signals  will  be  nonzero.  This  causes  additional  DC  current  to  be  drawn 
from  the  source,  resulting  in  a  photon-assisted  tunnelling  step. 

Josephson  steps  also  arise  from  the  non- sinusoidal  output  of  the 
VCO.  However,  Josephson  steps  do  not  depend  on  the  shape  of  the  or  J 
filter  responses  for  their  existence  (although  the  filters  affect  their 
heights) ,  but  sure  a  result  of  phase- locking  between  the  Josephson 
frequency  and  the  applied  KF  signal. 
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CHAPTER  6 

THE  COSINE  PHI  PROBLEM 

6 . 1  Introduction 

In  section  2.2  it  was  noted  that  the  Josephson  effects  are  often 
described  by  the  equation 

I(V)  =  cr  v  +  a  Vcosif  +  I  sin$  (6-1) 

O  J.  J 

where  there  is  significant  controversy  concerning  the  amplitude  and  sign 

41  43  44 

of  with  respect  to  oq.  *  ’  in  this  section  we  review  this 

problem  from  the  point  of  view  of  the  Werthamer  formulation  of  the 
Josephson  effects,  as  opposed  to  the  more  commonly  used  RSJ  model.  The 
following  points  will  be  brought  out: 

1.  Adding  the  cos  phi  term  to  the  RSJ  model  on  an  ad  hoc  basis  is  often 
incorrect  and  misleading. 

2.  The  use  of  the  Werthamer  theory  instead  of  the  RSJ  model  can  lead  to 
a  substantial  change  in  the  interpretation  of  existing  experimental 

data.  This  casts  doubt  on  the  conclusions  published  in  at  least  one 
important  paper  on  the  subject. 

3.  If  one  takes  the  high  frequency  effects  into  account,  there  is  still 
a  discrepancy  between  theory  and  experiment.  To  date,  this  cannot 
be  explained  by  modifying  the  theory  to  include  non-BCS  phenomena 
such  as  broadening  of  the  Riedel  peak. 

The  discussion  that  follows  begins  with  a  section  on  the  nature  of 
the  cos  phi  problem,  followed  by  a  brief  review  of  the  various  experi¬ 
mental  results  relevant  to  the  issue.  One  of  the  experiments  is  then 
discussed  in  detail  in  terms  of  the  Werthamer  theory.  This  is  followed 
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by  a  very  brief  description  of  some  recent  theoretical  work.  The  chapter 
concludes  with  a  short  summary  of  the  current  cos  phi  situation,  and  a 
suggestion  for  future  work. 

6.2  Relevance  of  the  Werthamer  Theory 

As  shown  in  equation  2-3,  under  voltage  bias  conditions  (source 
impedance  =  0  and  V  =  constant) ,  the  current  through  a  tunnel  junction  is 
given  by 

I ( V)  *  Im  +  ReJ2sin$  +  Im  J2cos<ji  (6-2) 

where  and  J 2  can  be  written  as  either  functions  of  voltage  or 

frequency  (because  f  =  2eV/h) . 

In  the  RSJ  limit, 

Im  J.  (V)  =  c  V 
i  o 

Im  J2(V)  =  0  (6-3) 

Re  J2(V)  =  Ij 

and  we  have  I  =  IjSin<f>  +  V/R  (6-4) 

where  -  l/R^  and  Rjj  is  the  normal  state  resistance  given  by  IjRjj  = 

irA/(2e) ,  where  both  I  and  delta  are  evaluated  at  zero  frequency  and  zero 

J 

temperature . 

As  pointed  out  in  Chapter  2,  this  model  leaves  out  many  important 
details  concerning  temperature  and  frequency.  However,  this  is  the  model 
most  often  used  in  interpreting  microwave  experiments  done  using  tunnel 
junctions. 

The  cosine  phi  term  is  usually  written  as 

I(V)  =  I Tsin*  +  a  V  +  <7  Vcos$  (6-5a) 

w  OX 
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or 


I  ( V)  =  ITsin<J>  +  o  V(1  +  ycosij)) 
J  o 


(6-5b) 


In  the  RSJ  limit,  gamma  is  taken  to  be  the  limit  as  V,  f,  and  T  go 
to  zero  of  the  ratio 


Y  =  Im  J2/Im 


(6-6) 


The  quantity  Im  J2(f)/Im  J^(f)  is  shown  in  Figure  6-la  for  a  tunnel 
junction  comprised  of  identical  superconductors,  and  in  Figure  6- lb  for  a  junc¬ 
tion  made  of  different  superconductors.  (The  apparent  sign  difference 
is  a  result  of  different  sign  conventions  used  in  calculating  each  figure. 
Figure  6-la  has  been  annotated  so  as  to  agree  with  Figure  6-lb,  and  with  the 
sign  conventions  used  throughout  this  thesis) .  Several  points  should  be 
noted : 

1.  At  the  frequency  (or  voltage)  corresponding  to  -  A2 ,  there  is 
noticeable  structure  in  the  curves.  When  A^  =  A2»  this  happens  at 

f  =  V  «  0. 

2.  Although  related  to  the  logarithmic  singularity  in  the  density  of 
states  at  the  edge  of  the  energy  gap,  this  structure  is  finite. 

3.  When  =  &2,  the  V  =  f  =  0  limit  yields  a  value  of  7  =  +1, 

independent  of  temperature. 

4.  7  is  both  temperature  and  frequency  dependent. 

5.  For  frequencies  and  voltages  below  the  gap  (i.e.,  V  <  2A(T)/e  and  f 
<  2<L(T)/h) ,  7  is  always  positive. 


Item  number  5  above  is  at  the  crux  of  the  problem.  Experiments  done 

at  a  variety  of  temperatures  at  frequencies  of  the  order  10  GHz  consistent- 

9  41  43  44 

ly  indicate  that  gamma  is  negative.  '  ’  ’  This  has  been  the 
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case  for  both  lead  and  tin  junctions  of  varying  sizes  measured  using  a 
variety  of  techniques.  These  experiments  are  reviewed  below. 

6.3  Experimental  Background 

The  major  experimental  efforts  to  measure  gamma  for  a  tunnel  junction 
involve  measuring  the  microwave  response  of  a  junction  in  the  small  signal 
limit  at  frequencies  well  below  the  gap  frequency  2A/h.  The  junction  is 
DC  current  biased  within  the  zeroth  order  step,  with  an  RF  signal  applied 
such  that  the  phase  phi  makes  small  excursions  about  the  equilibrium 
phase  tQ-  in  this  case,  the  cos  phi  amplitude  gamma  contributes  in  a 
simple  way  to  the  RF  impedance  of  the  junction.  As  cosine  phi  can  be 
varied  by  changing  the  DC  current  bias,  it  is  possible  to  systematically 
vary  the  effect  of  gamma  and  hence  separate  its  effect  on  junction 
performance  from  that  of  other  parameters. 

Since  tunnel  junctions  have  an  intrinsic  shunt  capacitance,  it  is 
extremely  useful  to  exploit  the  plasma  resonance ,  whose  frequency  depends 
on  both  C  and  cosine  phi  as 

2 

id  =  (2el  cost  )  /fiC  (6-7) 

p  J  O 

The  first  experiment,  done  by  Pedersen,  Finnegan,  and  Langenberg, 

involved  measuring  the  Q  of  the  plasma  resonance  at  several  values  of 

9 

cosine  phi  (and  hence  f  )  .  The  Q  of  the  resonance  is  simply  Q  =  2irf  CR, 

P  lr 

where  R  is  given  by 

5  =  ao(1  +  Yc°s*0)  -  (1  +  ycos<J>0) /R^  (6_8) 


The  slope  of  a  plot  of  f  /q 

P 


versus  cosine  phi  for  several  values  of 


cosine  phi  should  yield  a  value  for  gamma  from  the  formula 
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fp/Q  =  (1  +  YCOS$q)  7(210^0  (6-9) 

Pedersen,  et  al.  measured  gamma  from  plots  of  the  type  shown  in 

Figure  6-2.  The  resistance  was  derived  from  a  measurement  of  Ij  via 

the  I  product  (with  no  corrections  made  for  nonzero  temperature) ,  and 

the  capacitance  was  calculated  from  a  measurement  of  f  for  a  particular 

P 

value  of  I  and  cosine  phi.  The  value  of  y  =  -.8  was  then  inferred  from 
J 

Figure  6-2.  The  peak  in  the  curve  was  attributed  to  a  geometrical 
resonance  within  the  junction.  The  experimented,  details  will  be  dis¬ 
cussed  at  length  in  the  next  section,  but  it  should  be  pointed  out  that 
the  junctions  were  large  compared  to  the  Josephson  penetration  depth 
XT,  and  one  would  expect  geometrical  and  self-field  limiting  effects  to 

be  important.  (For  the  junctions  used  in  the  experiment,  .5  <  L/X  <  4, 

J 

where  h  is  the  length  of  the  junction;  the  junction  width  was  approximate¬ 
ly  1/2  L. )  In  a  junction  with  dimensions  comparable  to  or  larger  than 
the  penetration  depth,  the  critical  current  will  be  smaller  than  that 
predicted  by  the  IjR^j  product.  In  addition,  cosine  phi  will  not  be 
constant  over  the  area  of  the  junction,  and  at  the  edge  of  the  junction 
the  I-<|>  relationship  will  begin  to  deviate  from  its  ideal  sinusoidal 
behavior.  As  the  junctions  used  in  the  experiment  were  made  of  lead, 
strong-coupling  effects  may  also  be  relevant.  Finally,  as  the  measurement 
frequency  was  varied  between  8  and  12  GHz,  it  is  necessary  to  include  the 
frequency  dependence  of  the  junction  quasiparticle  resistance,  which  the 
authors  failed  to  do. 

The  next  experiment  was  done  by  Pedersen,  Mygind,  and  Soerensen 

43 

using  tin  junctions.  The  plasma  oscillations  at  9  GHz  were  observed 
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over  a  small  range  of  temperatures  near  T  *  T,.  Measurements  included: 

1.  Exciting  the  junctions  at  4.5  GHz  and  measuring  their  response  at 

9.0  GHz. 

2.  Observing  the  mixing  between  signals  at  9  and  18  GHz. 

3.  Measuring  the  threshold  conditions  for  half -harmonic  oscillations  at 
an  applied  frequency  of  18  GHz. 

This  last  measurement  was  complicated  by  the  onset  of  "noise  rise  ' 

due  to  complicated  instability  effects  associated  with  the  Josephson  sine 

phi  term.^®  However,  using  results  from  the  first  two  measurements, 

Pedersen,  et  al.  were  able  to  infer  a  temperature  dependent  value  for 

gamma.  This  is  shown  in  Figure  6-3a.  The  figure  indicates  that  gamma  is 

positive  near  T  *  Tc,  changes  sign  near  T«.96Tc  ,  and  approaches  -1  as  T 

is  decreased  further.  At  4.2K,  this  is  in  qualitative  agreement  with  the 

9 

work  by  Pedersen,  Finnegan,  and  Langenberg  for  lead  junctions. 

Figure  6-3b  shows  the  corresponding  RF  resistance  of  the  junction. 

The  results  in  Figures  6-3a  and  6-3b  were  arrived  at  via  a  complex 
series  of  curve  fits  of  measured  junction  response  (e.g.,  mixing 
efficiency,  RF  impedance,  etc.)  to  equations  such  as  6-5,  6-6,  and 
6-8.  Although  high  frequency  modifications  to  the  RSJ  model  were  not 
considered  directly,  the  junction  parameters  R  and  C,  as  well  as  gamma, 
were  treated  as  variables  in  the  fitting  process.  This  indirectly 
allowed  any  difference  between  the  high  and  low  frequency  values  of  R 
and  gamma  to  be  taken  into  consideration.  However,  the  many  degrees 
of  freedom  when  fitting  the  curves  allowed  for  excellent  fits  to  the 
observed  data  for  more  than  one  set  of  values  of  gamma,  R,  and  C,  as 
shown  in  Figure  6-3c.  The  choice  of  solutions  was  determined  by  a 
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REDUCED  TEMPERATURE  T/Tc 
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FIGURE  6-3* 


NORMALIZED  TEMPERATURE  T/Te 
0.99  0.97  0.96  0.93 


"Measured  cot  <j>  amplitude  vt  junction  critical 
currant  and  normal  izad  tamparatura."  (aftar 
Padanan,  at.al.)43 


"Measured  rf  raaiatanca  R  ^  a*  a  function  of 
junction  critical  currant  and  normalized 
tamparatura.  The  dashed  lino  ii  tha  normal- 
stag  dc  raaiatanca  R  -  0.180  ." 

(aftar  Padanan,  at.  al.)43 


FIGURE  8-3b 


FIGURE  8*3c 


"Lower  tidaband  mixing  component  at  a  function 
of  the  de-bias  currant.  Tha  vertical  lines  show  the 
critical  currants  with  no  applied  microwave  signal 
and  with  tha  two  signals  applied  simultaneously 
(full  and  dashed  lines,  respectively).  f2  ■  17.268 
GHz,  f ,  -  8.669  GHz,  and  T/Tc  - 0.942.  The 
circles  are  calculated  withu>o/2ir  -  13.104  GHz, 
Qq  “  1.832,  and  €  -  -  0.8.  Tha  triangles: u>g/2lT 
■  12.091  GHz,Q0  -  3.496, and  « -  0." 

(after  Padanan,  at  al.)43 


FIGURE  6-3  MEASURED  COS  0  AMPLITUDE  AS  A  FUNCTION  OF  TEMPERATURE  FOR  A  TIN  TUNNEL  JUNCTION 
(AFTER  PEDERSEN,  ET.  AL.)43 
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complicated  process  of  reconciling  the  calculations  with  the  theoretical 

teaperature  dependences  of  the  plasma  frequency  and  critical  current. 

(Although  the  junction  capacitance  was  a  variable  in  the  curve  fitting 

program,  it  was  assumed  to  be  independent  of  temperature.)  The  RF 

resistance  shown  in  Figure  6- 3b  is  in  disagreement  with  the 

prediction  that  the  RF  resistance  should  be  greater  than  the  DC  normal 

state  resistance  and  should  increase  with  decreasing  temperature  (cf. 

Sections  2.6  and  6.4).  In  addition,  there  seems  room  for  skepticism 

for  an  experimental  analysis  that  contains  so  many  degrees  of  freedom.  An 

independent  measurement  of  the  junction  capacitance  would  be  an  obvious 

first  improvement  to  the  experiment.  It  should  be  noted  that  Pedersen 

has  a  good  deal  of  faith  in  the  results  of  this  particular  experiment, 

whereas  he  agrees  that  there  are  problems  with  the  interpretation  of 

* 

the  results  in  the  Pedersen,  Finnegan,  and  Langenberg  paper. 

The  last  important  experiments  were  done  by  Rudner  and  Claeson, 

who  measured  the  response  of  small  lead  junctions  (18  micron  by  18 

44 

micron)  over  a  wide  range  of  teaperature.  Their  primary  measurement 
was  the  microwave  reflection  from  a  single  junction  connected  to  a 
microwave  stripline.  The  frequency  (approximately  10  GHz)  was  fixed 
while  the  teaperature  and  magnetic  field  were  varied.  (The  temperature 
was  changed  between  4.2K  and  7.2k.) 

As  in  the  previous  experiments,  gamma,  R,  and  C  were  used  as 
parameters  in  a  sophisticated  curve  fitting  routine.  The  results  are 
presented  in  Figure  6-4.  It  should  be  noted  that  Figure  6-4  supersedes 

the  authors'  original  interpretation  of  their  microwavt  data. 

*N.  F.  Pedersen,  private  communication 
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As  in  the  Pedersen,  Mygind,  and  Soerensen  experiment,  there  seems  good 
reason  to  be  skeptical  of  an  experimental  technique  that  relies  on  the 
accurate  fit  of  so  many  variables  to  a  theory  that  is  at  best  atn 
approximation.  For  one  thing,  the  curve  fit  depends  on  an  extremely 
accurate  assessment  of  the  VSWR  and  insertion  loss  of  the  microwave 
circuitry  external  to  the  cryostat.  In  addition,  there  might  be  un¬ 
recognized  problems  associated  with  the  use  of  an  external  magnetic  field 
as  the  independent  parameter  (e.g.,  problems  with  screening  and  trapped 
flux) . 

The  plot  of  capacitance  versus  temperature  in  Figure  6-4  seems 
reasonable,  as  C  is  expected  to  be  independent  of  T.  However,  one  would 
expect  the  RF  resistance  to  increase  dramatically  as  T  is  reduced  (cf. 
Figure  6-5,  equation  6-12).  This  is  not  the  case,  and  the  peculiar 
fluctuation  of  with  T  in  Figure  6-4  suggests  that  there  are  some 
problems  with  the  experiment. 

However,  the  results  of  Rudner  and  Claeson  are  qualitatively  con¬ 
sistent  with  those  of  Pedersen,  Mygind,  and  Soerensen  and  Pedersen, 
Finnegan,  and  Langenberg.  Given  that  the  experiments  were  done  by 
measuring  different  quantities  on  different  sized  junctions  made  of  both 
lead  and  tin,  there  seems  little  doubt  that  there  is  a  genuine  discrepancy 
between  the  actual  and  theoretical  values  of  the  cosine  phi  amplitude. 

6.4  High  Frequency  Corrections  to  the  Plasma  Resonance  Experiment 

At  this  stage  it  is  worth  investigating  the  Pedersen,  Finnegan, 
and  Langenberg  experiment  in  detail.  Unlike  the  other  two  experiments, 
the  microwave  frequencies  at  which  the  junction  response  was  measured 
varied  over  a  wide  range.  However,  the  frequency  dependences  of  the 
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quasiparticle  resistance  and  the  cosine  phi  terra  were  not  taken  into 

account.  This  can  be  done  using  the  Wertharaer  theory,  and  is  shown 

below.  As  the  Pedersen  experiment  was  done  using  lead  tunnel  junctions 

at  liquid  helium  temperatures ,  the  following  discussion  has  been 

specifically  directed  to  lead  junctions  at  4.2K. 

The  Pedersen  experiment  was  done  at  frequencies  between  8  and  12 

GHz.  Normalized  to  the  measured  gap  frequency  2A/h  of  616  GHz  for  lead, 

we  have  a  reduced  frequency  that  varies  between  .0260  and  .0390  on  the 

52 

graph  of  Im  versus  frequency  in  Figure  6-5  (after  M.  Young  ) .  The 

transition  temperature  of  lead  is  given  by  Rickayzen  as  7.2K,  which 

48 

yields  a  reduced  temperature  of  .58.  The  line  for  T/Tc  in  Figure  6-5 
for  T  *  .6  was  digitized  for  the  interval  .026  <  f  <  .039  to  yield  y  * 
.0047  +  . 4579X.  Scaled  to  the  gap  parameter  and  critical  current,  this 
gives  an  expression  for  Im  J^f)  of: 


Im  J, (f)  -  -  1,(0) {.0047  +  .4579hf/A} 
1  w  j 


(6-10) 


(If  the  graph  had  slope  ■  1  and  y  intercept  =  0,  as  in  the  RSJ  limit, 
then  we  would  have  Im  J^f)  -  (2/x)IJ(0)  (hf/A)  .  At  f  -  2A/h,  Im  J^f) 
(4/ir)  lj(0)  ,  which  is  consistent  with  an  IjR^  product  of  •) 

For  the  plasma  resonance  experiment, 


f  /Q  -  1/(2*RC)  ,  where  1/R  -  (1/R.)  (1  +  yco»*n) 
p  z  u 

where  R^  is  the  quasiparticle  resistance  at  a  particular  frequency. 

It  is  important  to  remember  that  the  ratio  gamma,  as  well  as  oq, 
depends  on  frequency.  In  the  argument  that  follows,  gamma  will  be  treated 
as  a  constant,  and  we  will  be  concerned  with  the  frequency  dependence 
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of  o  .  The  frequency  dependence  of  gamma  will  then  be  added  in  a 
qualitative  manner.  Werthamer  and  Harris  give  a  derivation  of  the  high 
frequency  quasiparticle  resistance  which  leads  to  the  following 
expression^ (cf.  section  2.2): 


*N 


e 

hf 


Im  JL(f) 


(6-12) 


So, 


fp  _  1  e  2. 


hf. 


2irC 


hf 


x  -1^(0)  (.0047  +  .4579  -f-)  (1  +  ycos^) 


(6-12) 


where  1^.(0)  is  related  to  R^  by  lj(0)  =  irA/UeR^ 
Thus : 


Q 


1  f .0047A (0)  , 

[  hf 


.4579 


] 


«{1  +  ycos$Q) 


(6-15) 


NOTE  THAT  FOR  y  =  0,  f^/Q  WILL  DECREASE  WITH  FREQUENCY. 

Cosine  phi  can  be  written  as 

cos$  =  7r^C^.-  (6-16) 

elj(T) 

Note  that  I  is  the  measured  value  of  I  at  a  particular  temperature. 

<J  J 

This  will  be  different  from  1(0) .  (As  Young's  calculations  were  scaled 

u 

with  respect  to  A(0),  RN,  and  1^.(0),  it  is  correct  to  use  irA (0) /(2eRN)  = 

lj(0)  for  calculating  Im  J^(f)  at  T  not  equal  to  zero.)  For  the  time 

being,  let  Ij(T  =  .6Tc)  =  1^.(0) •  Any  inaccuracy  this  causes  can  be 

subsequently  corrected  by  modifying  gamma  slightly,  as  ycos$  = 

yirhCf  2/eI  . 

P  J 

We  now  have 
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{.Q 04 7^(0)  }  'm^2) 

Q  2TTR^C  1  hfp  -45791  U  l 

Pedersen,  et  al.  give  =  .46  ohm,  and  C  =  l.SnFd  (8).  A(0)/h  is 

308  GHz.  Rewriting  irhC/elj  as  (2R1JC)/[A(0)/h]  we  have 


-  .2307 —  +  .46]  [1  +  y  x  4.48  x  10“3f  2] 
2  P  P 


(6-17) 


(6-18) 


where  is  in  Gigahertz.  This  is  plotted  against  Pedersen’s  results 
for  several  values  of  gamma  in  Figure  6-6.  (Pedersen's  graph  is  not 
very  accurate,  as  evidenced  by  the  disagreement  between  his  line  for 
l/^fRjjC)  and  a  replotted  l/^irRyC)  *  .2307.  Presumably,  the  inaccuracy 
is  a  result  of  artistic  license  when  the  graph  was  prepared  for 
publication  • ) 

Figure  6-6  is  based  on  the  assumption  that  gamma  is  constant.  With 

reference  to  Figure  6-1,  it  can  be  seen  that  gamma  decreases  with 

increasing  frequency.  In  terms  of  f  /Q  versus  f  ,  this  means  that  one 

P  P 

should  draw  a  "load  line"  on  Figure  6-6  reflecting  this  decrease.  This 

will  have  the  effect  of  shifting  the  line  for  f  /Q  versus  f  downwards  with 

p  P 

increasing  f^  for  positive  values  of  gamma,  and  upwards  with  increasing 
fp  for  negative  values  of  gamma. 

Figures  6-7  and  6-8  show  f  /Q  versus  f  repeated  for  T  *  .6T  and 
for  T  *  • 7T^  (also  based  on  Young's  calculations) .  Note  that  the  line 
for  gamma  *  -1  is  by  no  means  the  obvious  choice  for  explaining  the 
data  of  Pedersen,  et  al.  It  is  also  interesting  that  fp/Q  is  so  sensitive 
to  the  reduced  temperature.  (The  frequency  dependence  of  gamma  has  not 


been  included  in  Figure  6-7  or  6-8.) 
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FIGURE  8-6  PLOT  OF  fp/Q  VS  fp  FOR  A  TUNNEL  JUNCTION,  INCLUDING 
CALCULATIONS  OF  UQ  -  (3  (1+V  cot (AFTER  PEDERSEN, 
FINNEGAN,  AND  LANGENBERG)9 
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T/Tc  -  0.6 


fp!/Q  -10.2307  [l.49/fp  +  |0.46]  [l  +7  x  4.48  x  10*3 
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FIGURE!  6-7  fp/Q  VS  fp  FOR  T/Tc»  0.6 
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It  is  difficult  to  draw  any  definite  conclusions  from  the  above 
analysis  without  knowing  more  details  for  the  experiment.  However,  the 
foregoing  discussion  suggests  that  the  RSJ  model  is  inadequate  for 
analysis  of  the  cosine  phi  problem.  Several  other  points  concerning  the 
data  merit  discussion. 

First,  Pedersen,  et  al.  computed  R^  from  the  IjRj^  product  using  the 
value  for  1^  measured  at  T  *  4.2K.  They  did  not  take  into  account  that 


VT> 


TTA(T)  .  fA(T) 
x  t&rui  [».  m  ] 


2eRa 


2kT 


(6-19) 


If  we  assume  that  A(4.2K)  =  .9a(0) ,  and  2A(0)AT  =  4.1  (after 

c 

48 

Rickayzen  ) ,  then 


I, (4. 2k)  *  .82  IT(0)  (6-20) 

This  change  in  Ij  would  cause  a  corresponding  change  in  the  calculated 

value  of  RfI  such  that  R^  ■  .  38ohmi  instead  of  .46  ohm.  This  would  have 

the  effect  of  shifting  l/(2irR^C)  upwards  in  Figure  6-6. 

On  the  other  hand,  lead  is  a  strong-coupling  superconductor,  and  a 

lead  junction  is  expected  to  have  a  critical  current  that  is  approximately 

40 

15%  lower  than  that  predicted  by  BCS  (see  Ginsberg  and  Harris  >  .  This 

would  mean  using  a  value  of  I_(0)  that  is  15%  lower  than  the  BCS  value 

J 

when  computing  the  IjRjj  product.  In  other  words,  the  temperature 
correction  of  1^  is  offset  by  the  strong-coupling  correction,  and  the 
value  of  .46  ohm  for  R^  is  probably  reasonable.  (According  to  Pedersen, 
neither  of  these  corrections  was  taken  into  account.*) 

Second,  the  normal-state  resistance  was  not  measured  independently 

during  the  course  of  the  experiment.  Nor  were  the  DC  I-V  characteristics 
*N.  F.  Pedersen,  private  communication 
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recorded.  The  quality  of  the  junctions  was  ascertained  by  comparing 
the  height  of  the  zero  voltage  supercurrent  with  the  height  of  the 
current  "knee"  at  V  =  2A/e.  (This  agreed  with  theory,  including  the 
strong-coupling  correction  for  lead.) 

Third,  there  is  an  inconsistency  between  two  sets  of  measurements 
reported  in  the  Pedersen  paper.  The  authors  present  a  plot  of  the  inverse 
Q  of  the  plasma  resonance  versus  the  critical  current  at  fixed  frequency. 
The  data  was  obtained  from  several  junctions  having  different  values  of 
IT.  The  RSJ  theory  predicts  that  the  inverse  Q  should  vary  with  critical 
current  as 

X  =  (1  +  Vcos<j>  )  /  (2Trf  R„C)  (6-21) 

Q  o  p  f 

where  Rf  is  the  resistance  of  the  junction  at  the  plasma  frequency  and  is 
given  by 


R^  =  hf/ [elmJ^ (f) ]  evaluated  at  f  ■  f  (6-22) 

Substituting 

cos4>  *  W  /[2eIJ(T)l  and  R^  =*  ^flo) 


we  have 


,  R*,  Y»f>Cf 

5=  CA(O))]  2,1 

f  J 

Note  that  as  I  approaches  zero,  1/Q  approaches 
J 

1  *N 

i  *  YrT-  I2uf»f  IT(0)  ]/[TrA(0)  I_(T)  ]  (6-24) 

Q  'R  -  P  J  J 
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The  published  graph  (c£.  Figure  6-9)  suggests  that  at  I.  >  0,  I/O 

J 

is  approximately  .001.  If  we  assume  that  Ij(T)  ■  IjfO)  and  Rf=RN»  then 
1/Q  should  approach 

1  Yhfp 

Q  *  irA(O)  (6-25) 

For  lead,  M0)/h  =  308  GHz.  In  the  experiment,  f  *  9  GHz.  If  I/O  = 

P 

.001  when  I  is  zero,  then  Figure  6-9  suggests  that  gamma  *■  .11. 

u 

On  the  other  hand,  if  gamma  is  -1,  then  1/Q  for  I  *  0  should  be 
approximately  -.01.  Figure  6-9  suggests  that  this  is  clearly  not  the 
case. 

Finally,  the  lead  tunnel  junctions  used  in  the  experiment  were  quite 
large  with  respect  to  the  Josephson  penetration  depth: 

.51  <  L  <  4A 

J  J 

This  suggests  that  geometrical  and  self-field  effects  could  have  a  major 

effect  on  the  experiment  (cf.  section  6.3) .  This  is  supported  by  the 

observation  of  the  resonant  peak  observed  in  f  /Q  versus  f  measurements. 

P  P 

6.5  Theoretical  Work 

In  the  previous  sections  we  have  discussed  the  various  cosine  phi 

measurements.  They  have  obvious  shortcomings,  but  the  conclusion  that 

gamma  is  negative  when  theory  predicts  it  to  be  positive  is  difficult 

to  refute.  In  an  effort  to  provide  a  theoretical  basis  for  the 

experimental  observations  Kulik,  Schrieffer,  Likharev,  et  al.  have 

reanalyzed  the  Werthamer  theory  in  terms  of  the  derivations  of  the 

4l 

response  functions  J^diJ)  and  J2(w)  .  As  Im  J2(w)  is  related  to  Re  J2(w) 

via  the  Kramers -Kronig  relations,  Kulik,  et  al.  surmise  that  a  broadening 
of  the  Riedel  peak  in  Re  J2(«)  cam  lead  to  regions  where  Im  J2(«),  and 
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Ij  (mR) 


FIGURE  6-9.  1/Q  VS  Ij  FOR  A  TUNNEL  JUNCTION  (AFTER 
PEDERSEN,  ETAL,  REF  9) 
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consequently  gamma,  are  negative  below  the  gap  frequency.  Of  the  various 
causes  of  smearing  of  the  Riedel  peak,  they  conclude  that  inhomogeneity 
of  the  materials  comprising  the  junction  electrodes  leads  to  the  cosine 
phi  behavior  most  consistent  with  experimented  results. 

Pedersen  and  Rudner-  do  not  believe  that  the  Kulik  explanation  fits 
the  cosine  phi  behavior  they  have  observed  in  their  different  experi¬ 
ments.*  Kulik,  et  al.  conclude  that  smearing  of  the  Riedel  peak 
will  cause  gamma  to  be  positive  at  high  temperatures,  but  negative  as  T 
approaches  zero.  However,  the  temperature  at  which  gamma  switches  sign 
is  near  T  =  Tc  in  the  experiments.  The  Kulik  theory  apparently  cannot 
explain  the  occurrence  of  the  sign  change  at  a  temperature  so  close  to  T 

c 

Another  explanation  as  to  why  gamma  might  be  negative  is  the  popular 
relaxation  effect  which  arises  from  time-dependent  Ginzburg-Landau  theory 
in  connection  with  microbridges. ^t46  >j»hi.s  theory  seems  to  have  no  basis 
for  a  tunnel  junction  (cf .  Chapter  5) . 

6.6  Suggestions  for  Future  Work 

The  final  conclusion  of  this  chapter  is  that  there  is  still  a  major 
discrepancy  between  theory  and  experiment  concerning  the  amplitude  of  the 
cosine  phi  term.  Of  the  three  experiments,  the  original  Pedersen, 
Finnegan,  and  Lange berg  experiment  seems  to  be  the  most  amenable  to 
theoretical  interpretation,  as  opposed  to  complex  numerical  analysis. 
However,  the  original  experiment  was  done  using  large  junctions  made  of  a 
strong-coupling  superconductor.  Unfortunately,  many  of  the  quantities 
necessary  for  an  accurate  interpretation  of  the  data  were  not  measured 

(e.g.,  the  DC  1-V  characteristics  measured  under  current  and  voltage 
bias  conditions) ,  and  the  high  frequency  corrections  to  the  RSJ  model 
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were  not  taken  into  account.  Furthermore,  to  account  properly  for 
geometric  and  large  junction  effects  could  be  extremely  difficult. 

It  seems  likely  that  if  the  Pedersen,  Finnegan,  and  Langenberg 
experiment  was  repeated  more  carefully,  over  a  wider  range  of  frequencies, 
and  with  smaller  junctions,  it  would  yield  much  useful  information.  The 
use  of  lead,  tin,  and  lead/tin  combination  junctions  in  the  same  geometry 
would  allow  one  to  identify  any  anomalous  effects  that  might  occur  due 
to  geometry  or  peculiarities  of  the  material.  Finally,  the  direct 
measurement  of  and  Im  J1 (V)  from  the  I-V  characteristics ,  as  well  as 
an  independent  assessment  of  the  junction  capacitance ,  should  remove  some 
of  the  doubts  about  existing  experimented,  results.  In  conclusion,  there 
seems  to  be  a  good  case  for  repeating  the  original  plasma  resonance 
experiment. 
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CHAPTER  7 
FILTER  DESIGN 

7 . 1  Introduction 

The  numerical  technique  that  was  used  to  design  the  filters  for 

T  =  0  failed  consistently  when  attempts  were  made  to  design  filters  that 

model  (ui)  and  (a>)  for  finite  temperature.  The  numerical  calculations 

yielded  Pade  approximates  for  and  that  were  neither  accurate  nor 

causal.  It  is  not  difficult  to  show  that  the  expressions  for  and  J 2 

are  causal,  so  one  cam  be  confident  that  an  accurate  approximation  to 

and  J2  will  also  be  causal,  or  can  be  made  to  be  causal  with  only  slight 

modification.  However,  there  was  the  distressing  possibility  that  and 

J2  for  finite  temperature  could  not  be  modelled  accurately  without  an 

inordinate  number  of  poles.  This  turned  out  not  to  be  che  case,  and  the 

synthesis  problem  was  finally  solved  by  using  the  existing  numerical 

design  technique  with  a  new  twist.  The  resulting  Pade  approximates  for 

and  J2  at  finite  temperature  are  quite  good,  and  have  since  been  trans 

formed  into  electronic  filters.  The  improved  version  of  the  electronic 

analogue  can  model  the  Josephson  effects  at  T  =  0,  T  =>  . 72Tc  and 

T  =  . 9T  . 
c 

In  this  chapter,  we  discuss  the  design  and  evaluation  of  the  new 
filters.  However,  before  describing  the  actual  methods  involved,  there 
is  a  brief  section  on  some  of  the  basic  properties  of  the  functions 
(w)  and  J2 (w) . 

It  should  be  remembered  that  although  the  design  of  these  filters 
is  engineering,  and  not  physics,  this  subject  is  crucial  to  the 
development  of  the  analogue.  The  synthesis  techniques  described  herein 
are,  to  the  best  of  the  author's  knowledge,  completely  new  and  are  not 
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based  on  standard  electrical  engineering  techniques.  The  idea  for  this 
method  was  not  suggested  to  the  author  by  anyone,  although  in  retrospect 
it  seems  like  an  obvious  route  to  pursue. 

7.2  Discussion  of  and  3^ 

The  Werthamer  paper  presents  a  derivation  of  the  functions  and 

J2  in  terms  of  the  BCS  theory  and  the  assumptions  about  tunnelling 

presented  in  Chapters  2  and  5.  However,  Wertheimer  and  subsequent 

authors  say  little  about  two  properties  of  these  functions  that  are 

5  8  18  19 

central  to  the  design  of  the  electronic  analogue.  '  '  '  First,  it 

has  tacitly  been  assumed  that  as  functions  of  time,  (t)  and  j 2 ( t)  are 
causal.  Second,  it  has  been  assumed  that  the  functions  are  real. 

If  the  functions  j ^ (t)  and  j2<t)  were  not  causal,  it  would  be  impos¬ 
sible  to  build  filters  which  could  be  connected  in  such  a  way  as  to 
model  the  current  through  the  junction.  However,  as  the  values  for  j^(t) 
and  j  2 (t)  for  t  <  0  have  no  effect  on  the  current  through  a  tunnel  junc¬ 
tion  (cf .  eq.  7-1) ,  these  functions  can  always  be  modified  so  as  to  be 
causal.  Fortunately,  the  expressions  for  (u>)  and  J2  (to)  as  derived  by 
Werthamer  and  others  already  satisfy  the  Kramers-Kronig  relations,  and 
need  no  modification. 


-i!  t  i^  +it  t  i* 

I(t)  *  {e  2  /e  2j  (t-t')dt'  +.  e  2  Je  2 
-00  —  00 


j2(t-t')dt'} 


(7-1) 


If  the  functions  were  causal,  but  not  real,  it  would  still  be 
possible  to  build  the  analogue.  Substitution  of  a  complex  function  for 
j^(t)  or  j2(t)  would  complicate  matters,  but  one  could  still  model 
Equation  7-1  electronically.  This  would  require  construction  of 
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separate  filters  for  the  real  and  imaginary  parts  of  each  function,  which 
would  then  be  connected  to  the  proper  combination  of  sin  phi  and  cos  phi 
signals. 

As  it  turns  out,  j^(t)  and  j 2 ( t)  can  be  regarded  as  being  real. 

In  the  case  of  tunnel  junction  comprised  of  identical  superconductors, 
this  coin  be  demonstrated  for  j2(t)  using  the  condition  that  the  junction 
must  be  insensitive  to  the  polarity  of  the  bias  voltage,  and  the  current 
must,  therefore,  be  an  odd  function  of  voltage.  In  the  voltage  bias 
limit,  we  have 

f  *  2eV/h  (7-2a) 

and 

I(V)  -  ImJ^V)  +  ReJ2  (V)  sin<(»  +  lmJ2  (v)  cos4>  (7-2b) 

By  inspection,  we  see  that  Re  J2<V)  must  be  an  even  function  of 
voltage,  as  phi  changes  sign  when  V  does,  and  sin<j>  is,  therefore,  odd. 
Likewise,  Im  J2  (V)  must  be  odd,  because  cos<f>  is  even.  The  inverse 
Fourier  transform  of  a  function  whose  imaginary  part  is  odd  and  real 
part  is  even  is  a  real  function  of  time. 

Although  Re  (V)  does  not  show  up  explicitly  in  equation  7-2b,  one  is 
tempted  to  believe  that  a  similar  macroscopic  argument  also  holds  for 
jx(t)  . 

In  the  microscopic  limit,  the  derivation  of  j^(t)  and  j2(t) 
involves  the  sum  over  states  of  both  hole  and  electron  like  excitations. 
Completely  unrelated  to  the  argument  concerning  bias  polarity,  one  can 
show  that  the  existence  of  symmetry  between  these  hole  and  electron 
states  will  result  in  j^(t)  and  j 2 ( t )  being  real  in  the  general  case, 
regardless  of  whether  the  junction  is  comprised  of  identical  super- 
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conductors.*  This  hole-electron  symmetry  allows  a  one-for-one  pairing 
between  hole  states  at  a  particular  energy  below  the  Fermi  energy,  and 
electron  states  at  the  corresponding  energy  above  the  Fermi  energy. 

This  correspondence  results  in  the  sum  over  states,  and  hence,  j ^ (t)  and 
(t) ,  being  real. 

Strictly  speaking,  the  hole-electron  symmetry  is  not  exact.  How¬ 
ever,  because  the  Fermi  energy  of  a  superconductor  is  so  large  compared 
to  the  range  of  energies  that  contributes  to  the  summation  described 
above,  it  is  a  very  good  approximation  (e.g.,  good  to  one  part  in  ten 
thousand) ,  and  it  is  sufficient  to  say  that  hole-electron  symmetry,  as 
well  as  the  parity  requirements  placed  on  the  bias  voltage,  make  it 
valid  to  treat  j ^ ( t)  and  j2 (t)  as  real  functions  of  time. 

7.3  The  Design  Problem 

The  previous  failure  of  the  Pade  approximate  technique  was  a 
result  of  two  things.  First,  the  choice  of  data  points  was  not 
always  consistent  with  the  frequency  resolution  attainable  by  a  Pade 
approximate  having  a  given  number  of  poles.  Second,  accuracy  limitations 
of  the  data  used  for  the  calculations  were  not  taken  into  account. 

The  first  problem  is  related  to  the  fact  that  there  are  no 
analytic  pole/zero  expansions  for  and  even  for  T  »  0.  In  all 
likelihood,  this  means  that  it  is  impossible  to  model  the  functions 
exactly  with  a  Pade  approximate  having  a  finite  number  of  poles.  The 
limitation  that  this  places  on  the  choice  of  data  points  can  be  under¬ 
stood  from  the  following  properties  of  Pade  approximates. 

*J.  R.  Waldram,  personal  communication 
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1.  The  number  of  poles  in  the  Pade  approximate  is  equal  to  the  number 
of  frequencies  at  which  the  approximate  is  set  equal  to  the  original  function 
(e.g.,  the  number  of  data  points  used  in  the  calculation). 

2.  If  the  Pade  approximate  has  less  poles  that  the  function  being  modelled, 
the  approximate  need  not  be  causal. 

3.  If  one  uses  a  sufficient  number  of  data  points,  it  is  possible  for  the 
Pade  approximate  to  have  more  poles  that  the  function  being  modelled.  For 
example,  if  data  at  ten  frequencies  are  used  to  calculate  an  approximation 

to  a  function  having  six  poles,  the  Pade  will  contain  four  pairs  of  poles  and 
zeros  having  the  same  location  in  the  complex  frequency  plane.  These  extra  poles 
and  zeros  need  not  lie  in  the  left  half  of  the  complex  frequency  plane 
(i.e.,  the  causal  half-plane) .  The  Pade  approximate  will  remain  causal,  as  the 
excess  poles  are  cancelled  by  the  zeros  at  the  same  locations,  and  have  no 
effect  on  the  Pade  approximate. 


If  we  are  interested  in  modelling  J1  or  J2  with  a  Pade  approximate 
having  a  finite  number  of  poles,  the  data  points  must  be  chosen  so  as 
to  represent  a  function  having  no  more  than  this  number  of  poles. 
Roughly  speaking,  this  suggests  that  to  model  accurately  a  function 
over  a  bandwidth  f  using  n  data  points,  no  details  requiring  frequency 
resolution  better  than  f/n  should  be  included  in  the  calculation.  In 
the  case  of  and  this  means  that  there  is  some  limitation  on  the 
accuracy  with  which  the  gap  singularity  can  be  modelled  simultaneously 
with  the  broad  structure  away  from  the  gap  for  a  given  number  of  data 
points.  If  one  tries  to  model  too  much  of  the  curve  with  too  few  data 
points,  the  resulting  Pade  approximate  will  be  neither  accurate  nor 
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causal,  even  though  it  will  fit  the  original  function  at  all  of  the  data 
points.  (Nevertheless,  practical  experience  indicates  that  more  data 
points  should  be  taken  from  near  the  Riedel  peak  than  from  regions  con¬ 
taining  no  fine  structure.) 

The  second  problem  is  more  subtle.  Assuming  that  the  Pade  approxi¬ 
mate  has  more  than  enough  poles  to  model  the  original  function  with 
the  desired  resolution,  there  will  be  extra  pole/zero  pairs  lying  in 
both  the  left  and  right  half-planes.  These  will  be  in  addition  to  the 
poles  and  zeros,  which  are  not  paired,  which  represent  the  original 
functions.  If  the  real  and  imaginary  parts  of  the  input  data  are  subject 
to  small,  uncorrelated  error,  the  poles  and  zeros  will  move  from  their 
original  positions.  In  the  case  of  the  unpaired  poles  and  zeros,  the  . 
shift  in  position  will  equate  to  random  noise  in  the  Pade  approximate. 
However,  all  of  the  unpaired  poles  should  remain  in  the  left  half-plane. 
At  the  same  time,  the  paired  poles  and  zeros  will  move  slightly,  such 
that  they  are  still  approximately  paired,  but  no  longer  identical.  This 
will  also  appear  as  random  noise.  However,  as  the  right  half-plane 
poles  are  no  longer  matched  by  zeros,  the  Pade  approximate  will 
become  noncausal.  From  a  slightly  different  point  of  view,  the 
uncancelled  poles  in  the  right  half-plane  result  from  the  essentially 
non  causal  error  to  the  original  data. 

An  increase  in  the  number  of  data  points  used  in  the  calculation 
will  result  in  two  benefits.  First,  the  amount  of  detail  that  can  be 
modelled  will  increase.  Second,  the  effect  of  inaccurate  data  will 
decrease.  Using  simple  statistical  arguments,  one  would  expect  the 
accuracy  of  the  overall  fit  to  improve  as  the  square  root  of  the  number 


of  data  points. 
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The  new  filter  design  technique  is  based  on  using  15 
judiciously  chosen  data  points  to  calculate  a  Pade  approximate,  and 
then  removing  any  noncausal  poles  and  their  closest  zeros.  In  addi¬ 
tion,  there  will  usually  be  a  comparable  number  of  causal  poles  which, 
along  with  their  closest  zeros,  can  be  removed  with  little  effect  on 
the  Pade  approximate.  The  resulting  seven  or  eight  pole  function  is 
then  used  as  the  basis  for  an  electronic  filter. 

An  example  of  such  a  calculation  is  shown  on  the  next  few  pages. 

Data  for  J^fu))  at  15  frequencies  is  obtained  by  digitizing 
8  15 

published  graphs.  The  data,  plotted  in  Figure  7-1  with  the  graph 

from  which  it  was  obtained,  is  used  to  calculate  a  15  pole  Pade  approxi¬ 
mate  (cf.  Table  7-1).  This  is  factored  to  yield  its  poles  and  zeros, 
which  are  plotted  in  Figure  7-2.  After  deletion  of  the  paired  poles 
and  zeros  (circled  in  the  figure) ,  the  Pade  is  reconstructed  (cf . 

Table  7-2)  .  Figure  7-3  compares  a  plot  of  the  original  15  pole  Pad'e 
approximate,  which  is  noncausal,  with  the  new  seven  pole  approximate, 
which  is  causal . 

Figure  7-4  shows  a  comparison  of  the  original  function  with  the 
measured  response  of  an  electronic  filter  designed  using  the  results 
in  Table  7-2.  (The  gap  frequency  of  the  filter  is  1  kHz;  the  plot 
was  obtained  using  a  computer  controlled  frequency  response  analyzer, 
and  the  difference  between  the  computed  and  measured  filter  response 
is  negligible.)  The  overall  fit  of  the  filter  response  to  the  original 
function  could  be  improved  by  using  additional  data  points  near  the 
gap  singularity.  However,  this  would  have  resulted  in  a  more  complex 
filter,  and  it  was  felt  that  the  design  of  filters  containing  more  than 
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FIGURE  7-1  THEORETICAL  J,M  FOR  T/T-  *  0.72  (AFTER  HARRIS)  8 


TABLE  7-1  CALCULATION  OF  A  PADE  APPROXIMATE 
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seven  or  eight  poles  would  not  be  practical.  Figures  7-5  and  7-6 

show  measured  responses  of  the  filters  that  model  tunnelling  at 

T  *  . 72T  and  T  ■  ,9T  .  A  photograph  of  the  most  recent  version 
c  c 

of  the  analogue,  which  contains  these  filters,  is  shown  as  the 
frontispiece  of  this  dissertation.  Results  obtained  using  the  analogue 
with  these  filters  are  presented  in  Chapter  9. 
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CHAPTER  8 

ACCURACY  OF  THE  ANALOGUE 

8.1  Introduction 

The  results  presented  in  previous  chapters  indicate  that  the 
electronic  analogue  is  capable  of  providing  a  good  qualitative  fit  to  the 
Werthamer  theory.  However,  efforts  to  obtain  good  quantitative  data  were 
complicated  by  several  problems,  such  as  noise  within  the  VCO,  the 
unwanted  cos  phi  term  introduced  by  the  phase  shift  of  the  low  pass 
filters,  errors  resulting  from  difficulties  in  adjusting  the  DC  offsets 
of  the  multiplier  chips,  and  an  assortment  of  measurement  problems.  After 
additional  study,  these  problems  were  overcome,  and  it  became  possible  to 
compare  the  performance  of  the  analogue  with  other  calculations  and  data 
in  a  quantitative,  as  opposed  to  a  qualitative,  manner. 

In  this  and  the  next  chapter,  we  describe  how  these  problems  were 
overcome,  and  discuss  the  results  that  have  since  been  obtained.  The 
discussion  begins  in  this  chapter  with  a  summary  of  the  various  improve¬ 
ments  to  the  circuit  design,  and  an  assessment  of  the  accuracy  of  the 
analogue.  This  is  followed  in  Chapter  9  with  a  comparison  of  results 
obtained  using  the  analogue  with  an  assortment  of  theoretical  and 
experimental  results. 

8.2  Sources  of  Error  in  the  Analogue 

The  accuracy  of  both  the  RSJ  and  Werthamer  analogues  is  affected 
by  several  factors,  which  are  listed  briefly  below: 

1 .  Component  Accuracy 

2. 


3. 


Multiplier  Accuracy 
VCO  Harmonic  Distortion 
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4.  LO  Harmonic  Distortion 

5.  VCO  Gain  Linearity 

6.  Transconductance  linearity  of  the  voltage  controlled  current  source 
(VCCS) 

7.  Output  impedance  of  the  VCCS 

8.  Temperature  drift  of  the  LO  and  VCO  center  frequencies 

9.  Op  Amp  accuracy 

10.  Phase  shift  introduced  by  the  low  pass  filter  (LPF) 

11.  High-frequency  rejection  of  the  LPF 

12.  Noise  pickup 

13.  VCO  phase  jitter 

14.  Accuracy  of  the  phase  shift  between  the  sin  phi  and  cos  phi  signals 

15.  Accuracy  of  the  and  J2  filters 

Many  of  the  above  quantities  can  immediately  be  characterized  in 
terms  of  percent  accuracy.  For  example,  the  resistors  and  capacitors  used 
in  the  analogue  are  rated  at  2%.  The  multipliers  have  an  accuracy  of  .25% 
over  the  bandwidth  used  in  the  circuit.  The  harmonic  distortion  of  both 
the  VCO  and  LO  is  less  than  1%,  and  the  VCO  gain  is  linear  to  approximately 
1%.  The  transconductance  of  the  voltage  controlled  current  source  is  also 
constant  to  within  1%  over  the  operating  range  of  the  analogue. 

Other  items  from  the  above  list  must  be  described  in  terms  of  the 
operating  parameters  of  the  analogue.  For  example,  t.  e  output  impedance 
of  the  VCCS  appears  in  parallel  with  the  shunt  resistance  of  the  analogue, 
and  can  be  considered  as  an  error  to  the  value  of  the  shunt  resistance. 

The  VCCS  output  impedance  is  easily  adjusted  to  be  greater  than  200  kilohm, 
which  has  less  than  a  one  percent  effect  on  the  apparent  value  of  the 
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*  i 


* 


Josephson  shunt  resistance,  which  is  typically  1500  ohms  or  less.  (However, 
at  voltages  less  than  the  gap  voltage,  the  resistance  is  considerably 
higher  than  R  ,  and  the  output  resistance  of  the  VCCS  could  be  important. 

u 

This  turns  out  not  to  be  the  case,  and  in  any  event,  one  can  always  measure 
the  effective  resistance  directly  from  an  I-V  curve.) 

Another  important  factor  which  can  be  a  source  of  error  concerns  the 
temperature  stability  of  the  VCO  and  LO.  This  determines  whether  the 
operating  point  of  the  analogue  will  drift  with  time.  For  example,  a 
change  in  either  the  VCO  or  LO  center  frequencies  will  have  the  same  effect 
on  the  junction  current  as  a  change  in  input  voltage.  The  VCO  and  LO  used 
in  the  analogue  are  commercial  units  and  have  extremely  low  temperature 
drift.  Over  the  course  of  several  minutes,  there  is  no  observable  change 
in  the  bias  point;  even  over  a  period  of  several  hours,  drift  is  almost 
negligible. 

The  remaining  sources  of  error  are  more  complicated,  and  will  be 
discussed  individually  in  the  next  sections. 

8.3  Accuracy  of  the  Op  Amps  and  Multipliers 

Inaccuracies  due  to  op  amps  generally  result  from  two  things.  First, 
most  circuits  that  use  op  amps  are  designed  on  the  assumption  that  the 
gain  of  the  op  amp  is  infinite .  This  is  not  a  good  assumption  at  high 
frequencies,  but  is  quite  reasonable  at  the  frequencies  at  which  the 
analogue  operates.  The  second  problem  is  the  effect  of  the  phase  shift 
introduced  by  the  compensation  capacitor  inside  the  op  amp.  This 
capacitor,  which  prevents  parasitic  oscillations,  causes  the  op  amp  to 
behave  as  a  single-pole  low  pass  filter,  and  introduces  a  slight  cosine 
phi  term  having  negative  amplitude.  This  term  can  be  made  negligible  by 
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using  an  op  amp  having  a  very  high  cutoff  frequency.  However,  the  higher 
the  cutoff  frequency  of  the  op  amp,  the  more  susceptible  it  is  to  noise 
pickup  and  instability. 

Fortunately,  the  phase  shift  due  to  the  accumulation  of  op  amps,  each 
contributing  a  slight  phase  shift,  has  a  negligible  effect  on  most 
measurements  done  using  the  analogue.  For  one  thing,  many  of  the  circuits 
used  in  the  analogue  have  a  considerable  amount  of  capacitative  feedback 
anyway,  as  in  the  case  of  a  biquadratic  filter.  Second,  many  of  the  op  amps 
in  the  analogue  are  nested  in  multiple  feedback  loops,  which  reduces  the 
influence  of  the  compensation  capacitors  very  dramatically. 

The  influence  of  op  amp  phase  shift  was  noticed  in  the  evaluation 
of  am  improved  low  pass  filter  circuit,  and  in  some  of  the  plasma 
resonance  experiments.  These  effects  could  have  been  reduced  almost 
totally  by  using  op  autips  having  a  cutoff  frequency  higher  than  that  of 
the  ubiquitous  741  type  amplifer .  However,  the  op  amps  are  not  the  major 
source  of  cos  phi  error  (the  LPF  is) ,  and  in  the  interests  of  minimizing 
noise  pickup  and  instability,  it  was  decided  not  to  change  to  a  different 
op  amp.  (Quantitative  details  about  these  effects  are  included  in  the 
discussion  of  the  low  pass  filter  design  in  Appendix  D,  and  in  the 
presentation  of  plasma  resonance  data  in  the  next  chapter.) 

Related  to  the  discussion  of  op  amp  accuracy  is  the  question  of 
multiplier  accuracy.  As  mentioned  above,  the  multipliers  used  in  the  most 
recent  versions  of  the  high  frequency  and  RSJ  analogues  are  specified  as 
being  accurate  to  .25%.  This  is  a  considerable  improvement  over  the 
multipliers  used  in  the  previous  version  of  the  analogue,  which  were  quoted 
at  2%.  However,  the  more  important  practical  consideration  is  that  the  new 
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multipliers  are  internally  trimmed,  and  do  not  require  external  potentio¬ 
meters.  This  results  in  an  elimination  of  18  adjustments  which,  in  the 
earlier  analogue,  were  difficult  and  time  consuming.  The  new  multipliers 
(Analog  Devices  Model  AD534)  were  considerably  more  expensive  ($50  as 
opposed  to  $14  each),  but  were  well  worth  it,  and  their  accuracy  seems  to 
be  more  than  adequate.  Hopefully,  the  results  presented  later  will  present 
a  convincing  argument  for  this. 

8.4  VCO  Considerations 

The  next  four  items  from  the  list  of  possible  sources  of  error  are 
interrelated  in  a  complex  manner.  The  LPF,  which  determines  how  well  the 
unwanted  VCO  center  frequency  is  removed  from  the  sine  and  cos  phi  signals, 

and  what  the  unwanted  cosine  phi  amplitude  will  be,  is  designed  in 

accordance  with  the  choice  of  the  center  frequency  of  the  VCO.  In  turn, 
the  choice  of  VCO  center  frequency  is  related  to  the  problems  of  noise 
pickup  and  VCO  phase  jitter.  In  this  section,  we  consider  the  operating 
parameters  of  the  VCO. 

Generally  speaking,  there  was  no  difficulty  in  arranging  the  signal 
levels  in  the  VCO  circuitry  so  that  the  signal  to  noise  ratio  was 
acceptable.  However,  noise  at  the  input  to  the  VCO  is  of  special  interest, 

as  it  causes  errors  in  the  phase  phi.  With  the  VCO  as  originally  set  up, 

it  was  difficult  to  keep  the  noise  pickup  at  the  input  at  a  sufficiently 
low  level.  The  problem  was  solved  by  deliberately  reducing  the  VCO  gain 
constant,  while  increasing  the  level  of  the  input  signal. 

Related  to  the  noise  pickup  is  the  problem  of  phase  jitter  within  the 
VCO.  This  results  from  the  internal  operation  of  the  VCO,  which  in  tne 
case  of  the  analogue  is  not  really  an  oscillator,  but  a  voltage  controlled 
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function  generator.  Instead  of  modulating  a  tuned  LC  network  with  a 
varactor  diode,  the  function  generator  relies  on  a  complicated  network  of 
threshold  detectors  and  trigger  circuits  to  determine  the  output  frequency. 
Unlike  varactor  diode  oscillators,  which  are  primarily  radio  frequency 
devices,  the  voltage  controlled  function  generators  operate  very  well  at 
the  frequencies  at  which  op  amp  techniques  are  useful.  Unfortunately,  the 
threshold  voltage  at  which  the  trigger  circuits  fire  varies  slightly  from 
cycle  to  cycle,  and  a  certain  amount  of  phase  jitter  is  inevitable. 

Reducing  the  VCO  center  frequency  does  not  eliminate  the  phase  jitter,  but 
seems  to  reduce  its  effect  on  the  performance  of  the  analogue.  Presumably, 
this  is  because  the  overall  error  in  one  cycle  of  the  Josephson  frequency 
is  due  to  the  sum  of  many  jitter  errors,  one  for  each  half  cycle  of  the 
VCO.  If  these  errors  are  random  and  unbiased,  statistical  arguments 
suggest  that  the  cumulative  error  at  the  end  of  one  Josephson  cycle 

it 

would  be  proportional  to  (f,  )  ,  where  f,  is  the  VCO  frequency.  (This  is 

10  10 

based  on  the  assumption  that  the  total  jitter  error  for  N  jitters  is 
proportional  to  N- )  Thus  a  small  reduction  in  the  VCO  center  frequency 
can  yield  a  large  reduction  in  the  inaccuracy  due  to  phase  jitter. 

It- turns  out  that  for  a  commercial  function  generator,  reducing  the 
VCO  gain  center  frequency  is  consistent  with  reducing  the  VCO  gain  constant. 
For  example,  lowering  the  center  frequency  from  100  kHz  requires  switching 
the  front  panel  scale  factor,  which  causes  the  VCO  gain  constant  to 
decrease  from  10  kHz/volt  to  1  kHz/volt,  a  factor  of  10.  Although  it 
would  be  possible  to  design  a  home-made  circuit  in  which  the  VCO  center 
frequency  and  gain  constant  are  independent,  a  home-made  circuit  would 
lack  the  quality  of  design  of  a  commercial  unit,  particularly  with  respect 
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to  temperature  stability.  (It  might  be  noted  that  the  other  circuits 
used  in  the  analogue ,  such  as  filters,  adders  and  current  sources,  are  not 
subject  to  the  noise  and  temperature  problems  that  are  characteristic  of 
oscillators  and  function  generators.) 

8.5  LPF  Considerations 

Reducing  the  VCO  center  frequency  and  gain  constant  alleviated  the 
problems  due  to  noise  pickup  and  phase  jitter,  but  introduced  problems 
with  the  design  of  the  low  pass  filters.  In  particular,  lowering  the 
center  frequency  makes  it  much  more  difficult  to  design  an  LPF  having  a 
minimal  phase  shift  at  low  frequency.  Additionally,  the  relative  band¬ 
width  for  which  the  LPF  must  attenuate  the  signal  becomes  larger  as  the 
VCO  center  frequency  is  reduced  relative  to  the  Josephson  frequency.  For 
example,  if  the  characteristic  frequencies  of  the  sine  phi  and  cos  phi 
signals  are  1  kHz,  the  LPF  will  need  to  filter  out  signals  in  the  range 
2fQ±  1kHz.  As  fQ  is  reduced,  this  becomes  a  more  challenging  problem. 

As  a  first  step  towards  making  the  necessary  improvements  to  the  LPF, 
the  four  pole  Butterworth  filters  used  in  the  original  high  frequency 
analogue  were  replaced  by  twin-T  filters.  The  twin-T  is  a  notch  filter 
that  is  noted  for  having  low  phase  shift  away  from  the  notch  frequency. 

In  addition,  it  is  quite  simple  to  build,  and  requires  no  active  circuits 
or  inductors.  The  twin-T  is  discussed  in  more  detail  in  Appendix  o,  but 
it  is  worth  noting  that  its  transfer  function  is  given  by 


F(s) 


2  3 

1  +  s  +  s  +  s 
1  +  5s  +  5s2  +  s3 


8-1 


where  s  ■  joi/uj  and  w  is  the  notch  frequency  of  the  filter. 
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The  equivalent  cos  phi  amplitude  of  the  twin-T  is  found  by  expanding 
the  transfer  function  for  low  frequencies,  and  equating  it  to  that  of  a 
single  pole  RC  type  filter  (cf .  Chapter  3) .  For  a  VCO  center  frequency  of 
100  kHz,  the  twin-T  will  have  a  null  at  200  kHz;  relative  to  a  Josephson 
frequency  of  1570  hz  (which  corresponds  to  the  gap  frequency  of  1000  hz) , 
the  amplitude  of  the  cosine  phi  term  is  -.03lx  Ij  (cf.  Chapter  6).  A  filter 
with  these  characteristics  was  used  in  an  improved  RSJ  analogue  used  for 
some  of  the  experiments  described  in  this  and  the  next  chapter. 

For  the  high  frequency  analogue,  the  use  of  a  VCO  center  frequency  of 
100  kHz  was  unsatisfactory.  Phase  jitter  and  noise  pickup  caused  the 
device  to  operate  unsatisfactorily  at  frequencies  less  than  the  gap  : 
frequency  of  1  kHz.  (In  the  case  of  the  RSJ  analogue,  this  problem  was 
circumvented  by  adjusting  the  other  parameters  such  that  the  frequencies 
of  interest  in  the  operation  of  the  analogue  were  greater  than  kHz.  In 
the  high  frequency  analogue  the  gap  frequency  was  fixed,  and  this'  option 
was  not  available.)  The  VCO  center  frequency  was  lowered  to  30  kHz,  and 
a  more  sophisticated  low  pass  filter  was  designed.  (As  pointed  out  above, 
reducing  the  VCO  center  freer  from  100  kHz  to  30  kHz  causes  a  factor 

of  ten  reduction  in  the  VCO  ga  stant,  with  a  corresponding  improve¬ 

ment  to  the  problem  of  noise  pickup.  Reducing  the  center  frequency  by 
this  factor  of  3.33  yields  approximately  a  factor  of  10  reduction  in  the 
effects  of  phase  jitter,  as  discussed  in  ^Section  8.4.  From  the  point  of  view  of 
designing  an  LPF,  further  reduction  of  the  VCO  center  frequency  is 
undesirable. ) 

The  design  details  of  the  improved  low  pass  filter  are  discussed  in 
Appendix  0.  However,  a  few  of  the  details  bear  mentioning  here.  First, 
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th«  filter  was  designed  to  minimize  the  low  frequency  phase  shift,  while 
maintaining  a  relatively  wide  notch  at  60  kHz  (twice  the  VCO  center 
frequency).  After  some  mathematical  analysis,  it  was  decided  to  build  a 
filter  having  the  following  transfer  function: 


F  (s) 


2  3 

1  +  s  +  3  +  S 

1  +  s  +  5s^  +  s'* 


(8-2) 


This  transfer  function  retains  many  of  the  properties  of  the  twin-T, 
most  notably  the  notch  at  s  ■  1.  However,  the  low  frequency  phase  shift  of 

the  filter  is  zero  to  first  order.  Realizing  a  filter  having  the  response  given 
above  is  complicated  by  the  fact  that  J  F (s) |  can  be  greater  than  one  (which 

is  not  true  for  the  twin-T) .  Consequently,  the  filter  must  include  some 
sort  of  circuit  which  sums  the  outputs  of  filters  which  model  the 
biquadratic  components  of  F(s).  It  was  decided  to  use  the  network  topology 
shown  in  Figure  8-1,  in  which  three  passive  circuits  are  operated  in 
parallel.  By  using  passive  components,  including  inductors,  the  circuit 
cam  be  made  to  operate  with  a  null  at  60  kHz,  a  frequency  which  is  quite 
high  in  terms  of  op  amp  design.  By  incorporating  the  op  amps  in  the  manner 
shown,  the  individual  filters  are  buffered  from  each  other,  amd  their  out¬ 
puts  are  summed  in  such  a  way  that  the  limited  performance  of  the  op  amps 
at  60  kHz  does  not  affect  the  existence  of  the  null.  At  low  frequencies, 
the  op  amps  introduce  a  phase  shift  similar  to  that  of  a  single  pole  RC 
filter. 

An  important  consequence  of  this  design  is  that  the  null  frequency 
and  the  low  frequency  phase  shift  of  the  improved  filter  are  theoretically 
independent  of  each  other.  The  null  is  determined  by  the  passive 
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components ,  and  the  phase  shift  by  the  op  amps.  Unfortunately,  in  practice, 
the  phase  shift  is  determined  primarily  by  the  accuracy  with  which  the 
passive  components  are  matched.  However,  the  filter  of  this  type  used  in 
the  analogue  was  a  substantial  improvement  over  the  twin-T,  in  that  the 
twin-T  has  a  relative  cos  phi  amplitude  of  -.031  for  a  notch  frequency  of 
200  kHz,  whereas  the  improved  filter  has  a  measured  cos  phi  amplitude  of 
".025  for  a  notch  frequency  of  60  kHz.  There  is  little  doubt  that  this  can 
be  improved  further  by  taking  greater  care  in  the  matching  of  components. 

In  particular,  it  would  make  sense  to  incorporate  some  adjustable  components 
into  the  filter,  so  as  to  permit  final  compensation  of  phase  shift  errors 
due  not  only  to  LPF  component  inaccuracy,  but  to  cumulative  phase  error 
throughout  the  remainder  of  the  analogue  as  well.  However,  the  filter 
proved  quite  adequate  for  using  the  analogue  to  obtain  the  results 
presented  in  this  and  the  next  chapter.  In  passing,  it  is  interesting  to 
note  that  two  of  the  sub-filters  in  Figure  8-1  have  the  same  resonant 
frequency.  Unfortunately,  it  was  impossible  to  consolidate  the  two  sections 
and  still  realize  the  particular  transfer  function  required. 

The  last  consideration  related  to  the  LPF  is  the  question  of  high 
frequency  feedthrough  near  the  notch  frequency  2fQ,  and  at  the  local 
oscillator  and  VCO  center  frequency  fQ.  Some  of  the  mixer  outputs  at  2fQ± 
KV^  will  get  through  the  filter,  as  will  any  carrier  feedthrough  at  fQ.  This 
latter  signal  is  of  concern  because  fQ  is  not  only  well  below  the  notch 
frequency,  but  is  in  the  region  where  the  filter  amplifies,  instead  of 
attenuates,  the  signal.  Fortunately,  the  carrier  feedthrough  of  the 
multiplier  is  essentially  zero,  provided  that  the  outputs  of  the  LO  and 
VCO  have  no  DC  offset.  As  most  signal  generators  produce  some  DC  at  their 
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output,  trimmer  circuits  were  added  to  the  analogue  to  compensate  for  this. 
With  proper  adjustment,  the  feedthrough  at  fQ  was  unnoticeable  in  the  sine 
4/2  and  cosine  4/2  signals  at  the  outputs  of  the  low  pass  filters. 

Feedthrough  at  the  notch  frequency  of  the  filters  was  noticeable,  as 
was  expected.  However,  over  the  range  of  operation  of  the  analogue,  this 
unwanted  signal  had  an  amplitude  less  than  five  percent  of  that  of  the 
desired  ■  sin4/2  and  cos  4/2  signals.  Under  current  bias  conditions,  this 
high  frequency  feedthrough  will  be  fed  back  into  the  VCO  in  an  amount 
roughly  equal  to  five  percent  of  1^  times  R.  Mathematically, 

V  -  (.OSJIjRjjSinUtrf^t  +  k/vindt)  (8-3) 


The  effect  of  this  unwanted  high  frequency  feedback  will  be  to 
remodulate  the  VCO  output  frequency.  If  we  consider  the  effects  of 
feeding  the  unwanted  signal  back  into  the  VCO  only  once,  we  have  that  the 
output  of  the  VCO  will  contain  a  term  proportional  tx>: 

-05ijV 


Jl( 


4TTf  +  KV. 
o  in 


)  sin  (2TTfot  +  k/viRdt) 


where  is  the  ordinary  Bessel  function  of  the  first  kind. 


This  will  mix  with  the  LO  to  generate  a  low  frequency  error 
proportional  to: 
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Due  to  the  large  magnitude  of  fQ,  this  error  is  quite  small,  and  may 
be  neglected.  Experimental  observations  are  consistent  with  this  assumption 
(cf .  Figures  8-2  and  8-3;  Table  8-1) . 

The  problem  of  harmonic  distortion  of  the  VCO  and  LO  is  related  to 
the  above  discussion.  Any  harmonics  of  fQ  present  in  the  outputs  of 
the  IO  or  VCO  can  pus  through  the  low  pass  filters  and  be  fed  back  to  the 
input.  There  is  the  possibility  that  the  second  time  through  the  system, 

DC  components  will  be  generated  at  the  output  of  the  VCO  which  will  affect 
the  current-voltage  characteristics  of  the  analogue.  Calculations  similar 
to  those  above,  as  well  as  practical  experience,  indicate  that  this  is  not 
a  problem. 

8.6  Phase  Shift  Errors 

The  next  source  of  error  to  be  considered  is  the  consequence  of  the 
sine  phi  and  cosine  phi  signals  not  being  exactly  90  degrees  out  of  phase. 

To  see  the  possible  effect  of  this,  let  the  analogue  be  voltage  biased 
such  that: 


sin  <p/2  »  sin  wt 

cos+/2  -  cos  wt 

where  o»  *  kV.  . 

in 

Introducing  a  small  phase  error  6,  we  have 

sin$/2  -  sinut 
cos$/2  -  cos  (u)t  +  5) 

-  cosutcos6  -  sinutsin6 

for  S«l,  cos<f>/2  »  coswt  -  Ssinwt 


(8-6) 


(8-7) 
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VU> 


FREQ  REF  MARKER 


J  V  \JvJ. 


t  t. 


DISPERSION  1  kHz/DIV 
RESOLUTION  100  Hz 


lj  =  0.42mA 
RN  =  1200  ft 


2e 


-^-=  1800  Hz/VOLT 


FIGURE  8-3.  MEASURED  VOLTAGE  ACROSS  THE  HIGH-FREQUENCY  ANALOGUE  (RSJ  LIMIT) 
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Table  8-1  Numerical  Interpretation  of  Figure  8-3 


In  the  RSJ,  current  bias  limit/  the  amplitude  of  the  n  harmonic  of 
the  junction  voltage  at  a  particular  1^,  is  proportional  to  (cf.  sec.  2.4): 


M12)' 


where  y  -  I^/I 


2eV  V  1 

The  Josephson  frequency  f  ■  ~r—  is  related  to  y  by  £~r~  ~  ~  “  1* 

j  S  -y 

From  8-7a,  the  Josephson  frequency  is  measured  to  be  857  Hz.  Using  (2) 
above,  along  with  the  values  of  Ij,  R  ,  and  2e/h  from  the  figure,  y  is  found 
to  be  y  ■  .727. 

The  relative  amplitudes  of  the  various  harmonics  of  V(t)  are  found 
from  8- 7b  to  be  approximately: 


2. IX  -  Y 


where  X  relates  the  height  of  the  spectral  line  in  centimeters  to  its 
corresponding  voltage,  and  Y  is  defined  in  (1)  above. 

Combining  (3a)  and  (3b),  y  is  found  to  be  y  ■  .745  (compare  with  y  •  .727 
above).  Using  (3a)  again,  X  is  found  to  be  X  ■  .095.  Using  this  value  of  X, 
the  amplitudes  of  the  3  ,  4  ,  and  5  harmonics  are  .0903,  .0428,  and  .0143. 

Using  y  -  .745,  the  corresponding  values  of  Y11  are  .0893,  .0399,  and  .0178. 

The  above  c'  . culations  suggest  that  the  high  frequency  analogue,  when 
operating  in  the  RSJ  limit,  is  producing  results  with  aui  accuracy  of  95%  or  more. 
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Using  equation  4-1  for  the  current  through  the  analogue, "we  have 
I(V)  =  ImJ^V)  +  ReJ2(V)sin4>  +  ImJ,  (V)  cos<J) 

(8- 

-  <SlnwJ2  (V)  sin<j)  -  6(1  -  cos<J>)ReJ2  (V) 


Note  that  to  a  first  approximation,  the  phase  shift  error  does  not 
affect  the  terms  in  J^.  However,  it  has  the  effect  of  mixing  the  real  and 
imaginary  parts  of  3^. 

The  local  oscillator  provides  two  sine  waves  whose  relative  phase  can 
be  varied  continuously.  It  was  found  that  with  careful  adjustment  using  a 
PSD*  and  oscilloscope,  there  were  no  appreciable  discrepancies  in  the 
results  obtained  with  the  analogue  that  could  be  attributed  to  this  source 
of  error. 

8.7  Accuracy  of  the  and  J2  Filters 

The  previous  discussion  has  been  concerned  with  what  could  be  called 
the  "mainframe"  of  the  analogue.  The  filters  for  J  and  J2  essentially 
plug  into  this  mainframe,  and  for  most  applications  can  be  considered 
separately.  This  was  done  in  the  previous  chapter,  but  with  particular 
emphasis  on  the  design  of  filters  for  T  /  0.  In  this  section  we  continue 
the  discussion  of  filter  design,  but  in  terms  of  the  T  =  0  filters,  and 
with  emphasis  on  how  the  accuracy  of  these  filters  affects  the  performance 
of  the  complete  analogue.  Two  problems  are  addressed.  First,  it  is 
important  to  know  how  well  the  electronic  filters  used  in  the  analogue 
model  the  response  functions  in  the  Werthamer  theory.  Second,  the  filters 
in  the  analogue  occur  in  duplicate  pairs,  and  one  must  ask  what  happens  to 
the  operation  of  the  analogue  if  the  actual  response  functions  of  a 
particular  pair  are  not  identical. 

*PSDs  Phase  Sensitive  Detector 
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The  first  of  these  questions  is  answered  schematically  in  Figures  8-4 

and  8-5 ,  which  compare  the  theoretical  egressions  for  J1  and  J2  at  T  ■  0 

(in  terms  of  the  original  elliptic  integrals,  and  not  the  Pade  approximates) 

with  the  measured  responses  of  the  and  J2  filters  used  in  the  analogue. 

(These  are  rebuilt  versions  of  the  filters  discussed  in  Chapter  4.)  (A 

comparison  of  the  measured  responses  with  theory  for  the  filters  for 

T  ■  . 72T  and  T  -  .9T  is  given  in  Figures  7-5  and  7-6.)  In  Figures  8-4 
c  c 

and  8-5,  the  agreement  between  the  measured  and  calculated  response  is 
good  except  in  three  respects.  First,  the  Gibbs  type  overshoot  at  the  gap 
discontinuity  is  undesirable,  particularly  in  the  case  of  Im  J. ,  where  it 
can  cause  negative  resistance  problems  (cf.  Section  4.6).  Second  there 
is  some  error  caused  by  the  inability  of  an  electronic  filter  to  model  the 
l/(abs  f)  behavior  in  the  real  parts  of  ^  and  J2  at  high  frequency. 

Third,  the  discontinuity  in  Im  ^  at  the  gap  frequency  should  be  equal  to 
the  amplitude  of  the  critical  current.  However,  it  is  slightly  higher, 
with  the  result  that  photon  assisted  tunnelling  steps  will  be  slightly 
larger  with  respect  to  Josephson  steps  than  they  should  be.  In  terms  of 
computing  the  relative  step  heights  of  the  Josephson  and  PAT  steps  as  done 
in  the  next  chapter,  this  means  that  the  PAT  steps  should  be  nor¬ 
malized  to  the  height  of  the  discontinuity  in  Im  Jx  at  the  gap  edge. 

The  question  of  how  well  one  can  match  two  filters  for  a  particular 
function  for  a  given  temperature  is  partially  answered  by  Figures  8-6 
and  8-7 ,  which  show  a  con?>arison  of  the  measured  responses  of  the 
identical  J1  and  J2  filters  for  T  -  0.  The  main  disagreement  occurs  at 
the  gap  singularity,  where  high  Q  filters  are  used  to  model  the  Riedel 
peak.  The  high  Q  biquads  are  more  sensitive  to  slight  errors  in  component 
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values  than  are  low  Q  filters,  and  it  is  not  surprising  that  the  various 
filters  disagree.  It  should  be  noted  that  this  disagreement  can  be 
redded  if  painstaking  care  is  used  to  match  components  for  the  high  Q 
biquads  in  each  filter.  This  was  not  done  when  these  filters  were  con¬ 
structed;  standard  2%  components  were  used  with  no  special  attention  given 
to  matching. 

To  estimate  the  quantitative  effect  of  mismatch,  it  is  interesting  to 
calculate  the  effect  of  discrepancies  in  the  two  responses  for  Im  on 
the  DC  I-V  characteristic  of  a  voltage  biased  junction.  Rewriting 
equation  2-1  for  the  current  through  a  tunnel  junction  in  terms  of  non¬ 
identical  filters,  we  have: 

I(t)  -  Im  J  +  <$  sin  2wt  -  5.  sin2wt  (8-9) 

A  IT  X 

where  j  and  j.  are  the  different  J,  filters,  and  6_  =  Re  J  -  Re  J,  , 
a  b  1  r  a  b 

6.  »  im  J  -  Im  J,  . 
i  a  d 

We  see  that  the  effect  of  the  mismatch  is  to  average  the  two  filter 
responses  to  get  the  DC  response,  and  that  there  is  an  AC  error  term  that 
is  proportional  to  the  difference  between  the  two  curves.  Using  numerical 
data  from  the  curves  in  Figures  8-6  and  8-7,  we  can  calculate  the  DC 
average  and  the  error  term  in  the  region  near  the  gap.  This  is  shown  in 
Table  8-2  .  The  error  is  noticeable,  but  there  is  little  doubt  that  with 
additional  effort,  the  filters  for  and  can  be  matched  better  them 
they  are  now.  Nevertheless ,  the  results  obtained  with  the  analogue  have 
been  quite  good,  and  to  a  first  approximation,  this  source  of  error  can  be 
ignored.  In  the  case  of  filters  for  nonzero  temperatures,  the  Riedel  peak 
diminishes  significantly,  and  the  electronic  filters  do  not  contain 


Table  8-2  Effect  of  a  Ml natch  Between  the  Measured  Responses 


of  the  Pllters  for  T  ■  0 


The  two  filters  ere  designated  and  Jfa.  Proa  equation  2-1,  we 
have  for  the  current  due  to  J^i 

ICt)  -  coe|(sin|  *  ja)  “  ain|(cos|  *  jb) 

In  the  voltage  biased  lialt,  8/2  ■  wt.  letting  «r  -  Be  J#  -  Re 
J.  and  { .  ■  la  J  -  La  J. , 

o  l  m  D 

I(t)  ■  la  Ja  +  «rsln2ut  -  <£sin2ut 
I(t)  -  la  J,  -  «i/2 

Bor  the  T  ■  0,  J1  filters  used  in  the  analogue! 
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difficult-to-match  high-Q  biquads.  As  a  result,  the  duplicate  filters  for 
T  i1  0  match  extremely  well. 

There  is  a  final  point  that  bears  quick  mention  in  this  section.  It 
was  reported  in  Chapter  4  that  the  overshoot  in  Im  J1  for  T  *  0  at  the  gap 
voltage  could  produce  anomalous  results,  particularly  if  there  was  any  shunt 
capacitance  across  the  junction.  This  overshoot  is  a  direct  consequence  of 
the  use  of  a  high-Q  bandpass  filter  to  model  the  step  discontinuity  in 
Im  J^.  Removing  the  relevant  biquad  would  cure  the  anomaly,  at  a  cost  of 
decreasing  the  ability  of  the  analogue  to  model  accurately  photon-assisted 
tunnelling  steps.  It  is  likely  that  some  compromise  could  be  reached,  but 
only  at  a  cost  of  redesigning  the  entire  filter.  In  the  meantime,  the 
T  »  0  filters  were  used  with  careful  attention  to  any  possible  problems. 

In  any  event,  adding  some  leakage  current  by  decreasing  the  Ijl^  product 
will  provide  a  quick  fix. 

8.8  Preliminary  Results 

At  this  stage,  we  present  some  simple  results  obtained  using  the  high 

frequency  analogue  in  the  RSJ  mode  (e.g.,  with  the  filters  disconnected.) 

Figure  8-2  shows  the  time  averaged  I-V  characteristics  of  the  analogue 

under  current  bias  conditions,  plotted  against  the  theoretical  solution  to 

the  RSJ  equation.  The  agreement  is  relatively  good,  although  it  could 

probably  be  improved  by  giving  more  attention  to  the  various  calibration 

steps  (e.g.,  adjusting  DC  offsets  and  the  relative  phase  of  the  VCO  and 

LO,  etc.).  However,  the  major  disagreement  between  experiment  and  theory 

may  well  be  due  to  scaling  and  plotting  difficulties.  The  choice  of 

R.  -  1280  ohms  for  the  theoretical  calculation  did  not  take  into  account  - 
J 

the  possibility  of  non-infinite  source  impedance,  which  would  lower  the 


8-25 


NSWC  MP  81-519 

effective  R_  of  the  analogue  slightly.  Also,  the  superposition  of  the  two 

U 

graphs  was  done  in  an  ad  hoc  manner  using  two  different  plotters,  and  the 
zero  voltage  steps  are  not  precisely  aligned. 

Figures  8-3a  and  8- 3b  show  photographs  of  the  voltage  as  a  function  of 
time  for  a  particular  value  of  current,  as  well  as  a  photo  of  a  spectrum 
analyzer  display  of  the  voltage.  Comparison  of  several  photos  taken  at 
different  values  of  1^  indicates  that  the  harmonic  content,  as  well  as  the 
variation  of  the  amplitude  of  the  fundamental  component  with  DC  current, 
agree  with  the  theory.  Any  significant  errors  would  be  expected  to 
show  up  either  as  amplitude  errors,  or  by  the  appearance  of  spurious 
spectral  lines.  A  numerical  analysis  of  Figure  8- 3b  is  given  in  Table  8-1. 

Figures  8-8  and  8-9  are  a  retake  of  the  impedance  data  shown  in 
Chapter  3  for  the  RSJ  analogue.  The  data  presented  here  was  obtained 
with  the  simple  RSJ  analogue  (not  the  high  frequency  analogue  in  the  RSJ 
mode) .  However,  the  low  pass  filter  consisted  of  a  twin-T  with  a  center 
frequency  of  100  kHz,  and  an  equivalent  cosine  phi  amplitude  of  -.031. 

The  data  is  plotted  against  the  results  of  the  theoretical  calculations 
of  Auracher  and  van  Duzer.  This  was  done  by  digitizing  graphs  from  their 
original  publication,  and  having  a  desktop  computer  plot  them  on  top  of 
the  results  obtained  using  the  analogue.  The  level  of  agreement  is  roughly 
the  same  as  that  in  Figure  8-2  for  the  DC  X-V  curves  of  the  high  frequency 
analogue  operated  in  the  RSJ  mode.  The  close  agreement  between  the 
theoretical  and  simulated  curves  indicates  not  only  that  the  junction 
impedance  varies  as  predicted,  but  that  the  measured  step  heights  agree 
with  theory  as  well.  The  major  disagreement  seems  to  be  within  the  zeroth 
order  step.  The  effect  of  the  unwanted  cos  phi  term  immediately  comes  to 
mind,  but  this  has  yet  to  be  investigated.  (As  the  analogue  is  being 
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operated  in  a  high-signal  limit,  the  small-signal  theory  of  Chapters  3 
and  6  does  not  apply.) 

In  the  time  since  these  measurements  were  made,  some  improvements  have 
been  made  to  the  PSD  measuring  techniques,  and  to  the  analogue  itself,  and 
it  seems  likely  that  these  results  could  be  improved  somewhat.  Given  the 
constraints  of  time,  this  has  not  been  done. 

At  this  stage,  the  results  to  be  presented  begin  to  fall  more  into 
the  category  of  using  the  analogue ,  and  less  into  the  category  of  testing 
it.  The  discussion  will  be  less  in  terms  of  electronics,  and  more  in 
terms  of  the  physics  of  the  Josephson  effects.  To  emphasize  this 
philosophical  transition,  the  remainder  of  the  results  are  organized 
into  a  separate  chapter. 
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CHAPTER  9 
FURTHER  RESULTS 


9.1  Introduction 

With  the  improvements  described  in  the  previous  chapter,  it  became 
possible  to  use  the  analogue  to  quantitatively  model  a  wide  range  of 
experiments.  In  this  chapter,  results  are  presented  which  illustrate  the 
performance  of  the  analogue  in  a  variety  of  experimental  situations. 

Where  possible,  these  results  are  compared  with  theoretical  calculations, 
and  with  experimental  data  obtained  from  real  junctions. 

The  discussion  begins  with  a  presentation  of  current-voltage 
characteristics  obtained  with  the  analogue  using  the  various  filters 
under  different  bias  conditions .  These  results  illustrate  the  temperature 
dependence  of  the  energy  gap,  Riedel  peak,  and  quasiparticle  resistance. 

Next  is  a  comparision  of  analogue  data  with  the  step  height  calculations 
21 

published  by  Hamilton.  To  the  author's  knowledge,  this  is  the  first  time 
an  electronic  analogue  has  been  used  to  measure  the  properties  of  photon- 
assisted  tunnelling  steps. 

This  is  followed  by  measurements  of  the  Q  of  the  plasma  resonance 
versus  frequency  in  the  RSJ  and  T  “  .72Tc  limits.  The  results  support  the 
prediction  made  in  chapter  6  that  the  nonlinearity  of  Im  can  have  a 
major  effect  on  the  Q  of  the  plasma  oscillations. 

Then  there  is  a  brief  discussion  of  the  effect  of  series  inductance 
on  the  dynamics  of  a  voltage  biased  junction.  It  was  found  that  the 
inductance  permits  parasitic  oscillations  to  occur  when  the  analogue  is 
biased  in  the  region  behind  the  Riedel  peak.  These  oscillations  appear  to 
be  responsible  for  the  anomalous  broadening  of  the  Riedel  peak  reported  in 
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Lastly,  an  explanation  is  offered  to  explain  the  apparently  anomalous 
sub-gap  structure  observed  in  some  of  the  measured  Z-V  characteristics 
of  the  capacitively  shunted  analogue. 

9.2  Current-Voltage  Characteristics  at  Various  Temperatures 

Figures  9-1  and  9-2  show  the  time  averaged  Z-V  characteristics  of  the 

analogue  with  the  various  filters  connected,  in  Figure  9-1,  the  analogue  is 

voltage  biased,  and  the  curves  represent  Zm  j  as  a  function  of  voltage  for 

T  ■  0,  T  ■  . 72T  ,  and  T  ■  .9T  ,  as  well  as  for  the  RSJ  limit,  where  the 
c  c 

characteristic  is  just  that  of  the  resistor  connected  in  parallel  with  the 
analogue.  Except  for  switching  in  the  various  filters,  no  adjustments  were 
made  to  the  analogue,  the  drive  circuitry,  or  the  plotter  between  the 
different  measurements.  The  agreement  between  Figure  9-1  and  the  Warthamer 
theory  is  quite  good.  Note  how  the  gap  voltage  decreases  and  the  leakage 
current  increases  as  the  temperature  is  reduced.  The  relationship  between 
gap  voltage  and  temperature  is  that  given  by  the  BCS  theory,  which  is  built 
into  the  Werthamer  theory.5 

The  spikes  at  zero  voltage  in  Figure  9-1  are  caused  by  the  3^  filters, 
which  were  left  connected  for  the  experiment.  Zt  was  found  that  if  the 
analogue  is  left  very  near  V  ■  0,  the  plotter  pen  will  oscillate  between 
+Z,  and  -Z  .  This  is  simply  the  oscillation  of  the  supercurrent  at  the 
Josephson  frequency.  For  large  voltages,  the  Josephson  oscillations  are 
rapid  enough  to  be  eliminated  by  the  low  pass  filters  used  to  average 
V  and  Z.  As  V  approaches  zero,  the  Josephson  frequency  is  small  enough  to 
be  passed  by  the  filters,  and  the  oscillations  are  slow  enough  that  the 
servos  in  the  plotter  can  trace  them  out.  Zn  Figure  9-1,  the  voltage 
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is  swept  too  rapidly  for  this  to  occur  to  its  full  extent,  but  in  later 
experiments,  this  effect  was  used  to  measure  the  heights  of  the  Josephson 
steps. 

Figure  9-2  illustrates  the  effect  of  current  bias.  Ko  adjustments 
were  made  to  the  analogue  or  plotter  between  plotting  Figures  9-1  and  9-2. 

A  single  switch  is  used  to  change  the  external  bias  circuitry  from  a 
voltage  source  to  a  current  source.  Note  how  the  critic.il  current,  as  well 
as  the  gap  voltage  and  the  height  of  the  Riedel  peak,  decrease  with 
increasing  temperature.  However,  the  normal  state  resistance  remains 
constant. 

Figure  9-3  is  a  prelude  to  a  comparision  of  analogue  results  with 

21 

data  published  by  Hamilton.  The  figure  shows  the  effect  of  "microwaves" 
at  82.4  Hz  on  the  current  and  voltage  biased  characteristics  of  the 
analogue  with  the  T  ■  0  filters  connected.  (82.4  Hz  in  the  analogue  is 
equivalent  to  23.4  GHz  in  a  tin  tunnel  junction.)  The  current  biased 
characteristic  illustrates  the  hysteresis  and  smearing  effects  discussed  in 
chapter  4.  Upon  switching  to  voltage  bias  (the  characteristic  is  reversed 
in  the  figure  to  separate  it  from  the  current  bias  case)  the  characteristic 
is  much  more  stable.  The  Josephson  steps  appear  as  spikes  centered  about 
V  -  0,  and  the  photon-assisted  tunnelling  steps  appear  as  steps  centered 
around  the  gap  voltage.  Note  that  the  Josephson  steps  are  spaced  twice  as 
closely  as  the  PAT  steps,  as  predicted  by  theory  (cf.  Chapter  5). 

In  switching  from  current  to  voltage  bias,  the  RF  source  went  from 
providing  .75mA  p-p  to  providing  .75V  p-p.  If  the  analogue  was  in  the 
RSJ  limit  and  the  junction  resistance  was  1000  ohms,  then  the  voltage  at  the 
input  to  the  analogue  would  have  approximately  the  same  amplitude  (although 
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different  harmonic  content)  in  each  case.  (In  the  example  shown,  the 
normal  state  resistance  is  1150  ohms.)  However,  when  the  T  ■  0  filters  are 
used,  the  R F  resistance  at  frequencies  below  the  gap  frequency  will  be 
considerably  greater  than  R_  (cf.  eqn.  2-25  and  6-12),  and  switching  from 

u 

voltage  to  current  bias  without  adjusting  the  bias  amplitude  will  cause  a 
big  change  in  the  RF  voltage  at  the  input  to  the  analogue.  Thus,  when  the 
analogue  is  biased  at  frequencies  below  the  gap  frequency  2A/h,  switching 
from  voltage  to  current  bias  can  be  expected  to  cause  a  substantial  change 
in  the  RF  impedance  and  the  step  heights. 

A  similar  effect  occurs  if  the  analogue  is  current  biased  at  an  RF 
frequency  below  the  gap  frequency  2A/h,  and  the  analogue  is  switched  from 
the  RSJ  to  the  T  *  0  limit.  In  this  case,  the  large  increase  in  the  quasi¬ 
particle  resistance  below  the  gap  frequency  causes  a  large  change  in  the 
input  voltage,  and  hence  a  large  change  in  the  RF  impedance  and  step  heights. 

On  the  other  hand,  if  the  frequency  of  the  RF  bias  is  greater  than  the 
gap  frequency,  switching  in  the  T  ■  0  filters  does  not  cause  a  dramatic  change 
in  the  amplitude  of  the  RF  voltage  for  a  given  level  of  RF  current  bias. 

Thus ,  if  the  applied  frequency  is  greater  than  2A/h,  switching  from  the  RSJ 
to  the  T  ■  0  limits  would  not  be  expected  to  cause  as  dramatic  a  change  in 
the  RF  impedance  of  the  analogue  as  when  the  applied  frequency  is  less  than 
2A/h. 

This  helps  explain  am  apparent  anomaly  in  the  impedance  data  presented 
in  chapter  4.  The  impedance  was  measured  at  a  particular  level  of  RF  current 
bias  with  the  analogue  in  the  RSJ  limit.  The  T  ■  0  filters  were  then 
switched  in,  but  the  RF  input  current  was  left  unchanged.  Figure  9-4  shows 
this  for  an  applied  frequency  of  .4  times  the  Josephson  frequency  2eIJRN/h 
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(cf.  Fig.  3-12).  The  Josephson  frequency  is  ir/2  tines  the  gap  frequency, 
which  means  that  .4  f  is  less  than  2A/h.  Note  that  there  is  a  substantial 
change  in  the  RF  impedance  in  the  two  limits. 

Upon  further  investigation,  it  was  found  that  if  the  RF  bias  level  was 
scaled  downward  to  compensate  for  the  increase  in  the  quasiparticle  resist¬ 
ance,  the  impedance  became  similar  to  the  original  impedance  measured  in  the 
RSJ  limit  (e.g.  -  inductive  instead  of  capacitive  in  the  zeroth  order  step) . 
Conversely,  it  was  found  that  at  certain  bias  levels  the  impedance  in  the  RSJ 
limit  will  be  capacitive,  instead  of  inductive,  in  the  zeroth  order  step; 
thus,  the  capacitive  reactance  shown  in  Figure  9-4  is  not  a  unique  consequence 
of  the  Worth amer  theory.  Furthermore,  it  was  determined  that  in  the  high 
frequency  limit,  switching  off  the  filters  (e.g.  -  lowering  the  RF  quasi¬ 
particle  resistance)  had  approximately  the  same  effect  as  reducing  the  RF 
current. 

Figure  9-5  offers  further  evidence  to  support  the  above  argument . 

In  this  case,  the  frequency  of  the  applied  RF  is  equal  to  the  Josephson 
frequency,  and  hence  greater  than  the  gap  frequency.  As  the  analogue  is 
switched  between  the  RSJ  and  T  ■  0  limits,  the  change  in  the  RF  impedance , 
particularly  in  the  zeroth  order  step,  is  much  less  drastic  than  that  shown 
in  Figure  9-4. 

9.3  Simulation  of  the  Hamilton  Experiments 

Hamilton  has  performed  a  series  of  experiments  directly  aimed  at  verify¬ 
ing  certain  aspects  of  the  Werthamer  theory,  most  notably  the  frequency 

21 

dependence  of  ReJ2>  Using  frequencies  in  the  25  GHz  range,  he  measured  the 
power  and  frequency  dependences  of  the  Josephson  and  photon-assisted  tunnell¬ 
ing  steps  in  tin  tunnel  junctions.  His  results,  which  were  compared  with 
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theoretical  calculations,  offer  strong  support  for  the  Werthamer  theory. 

As  25  <21  z  is  only  a  small  fraction  of  the  gap  frequency  2A/h  of  284 
GHz  for  tin,  most  of  the  high  frequency  corrections  to  the  RSJ  model  were 
quite  small,  and  required  extremely  careful  measurement  to  be  observed.  For 
this  reason,  an  electronic  simulation  of  Hamilton's  experiments  proved  to  be 
a  challenging  test  for  the  electronic  analogue.  Zn  this  section,  we  describe 
the  results  of  this  test. 

Hamilton's  data  was  obtained  by  measuring  the  time  averaged  I-V 

characteristics  of  tin  tunnel  junctions  under  DC  current  bias  conditions. 

-6  2 

Although  the  junctions  were  small  (10  cm  ) ,  their  capacitance  was  presumed 
sufficient  for  the  microwave  radiation  to  be  treated  as  a  voltage  source. 

This  assumption,  which  was  validated  by  the  close  agreement  between  experi¬ 
ment  and  calculation,  greatly  simplifies  theoretical  calculations. 

Figure  9-6  shows  two  I-V  characteristics  obtained  using  the  analogue 
with  the  T  -  0  filters.  The  first  curve  was  obtained  with  the  analogue  volt¬ 
age  biased  with  a  DC  and  an  RF  signal.  Both  the  RF  frequency  and  the  RF 
voltage  are  scaled  to  the  levels  used  in  Hamilton's  experiments.  The  second 
curve  3 hows  the  analogue  under  current  bias  conditions,  but  with  a  4  micro¬ 
farad  capacitor  across  the  input.  This  value  was  scaled  to  the  estimated 
capacitance  of  Hamilton's  tin  tunnel  junctions.  Comparison  of  the  step 
heights  in  the  two  cases  suggests  that  Hamilton's  assumption  that  the 
capacitance  causes  the  junction  to  look  voltage  biased  at  high  frequencies 
is  valid.  Examination  of  V(t)  on  an  oscilloscope  indicated  that  harmonics  of 
the  applied  RF  frequency  were  observable  until  C  was  increased  to  approximately 
10  microfarads.  However,  at  C  *  4  microfarads,  the  harmonic  distortion  was 
only  about  ten  percent.  In  a  real  junction,  the  microwave  source  impedance 
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in  the  absence  of  a  capacitor  is  unlikely  to  be  as  high  as  the  source 
impedance  of  the  current  source  in  the  analogue.  Thus,  Hamilton's  assumption 
is  probably  more  valid  for  a  real  junction  than  it  is  for  the  case  described 
above. 

Because  of  the  existence  of  supercurrents,  the  relationship  between  the 
applied  RF  current  and  the  RF  voltage  across  the  analogue  was  extremely  non¬ 
linear  at  low  values  of  RF  current.  This  made  it  difficult  to  accurately 
adjust  the  voltage  across  the  analogue  by  varying  the  current,  in  addition, 
it  was  found  that  the  I-V  characteristics  under  current  bias  conditions  were 
often  unstable,  and  exhibited  much  hysteresis,  sub-gap  structure,  and 
complicated  interactions  between  photon  steps  and  Josephson  steps.  Further¬ 
more,  when  capacitance  was  added,  half  harmonic  steps  began  to  appear.  (The 
appearance  of  half-harmonic  structure  when  there  is  shunt  capacitance  is 

predicted  by  the  RSJ  model.  It  is  not  surprising  to  observe  it  in  the  high 

50 

frequency  model  as  well.)  The  net  result  of  all  this  is  that  the  current 
biased  characteristics  are  quite  complicated  and  difficult  to  interpret, 
whereas  the  voltage  biased  characteristics  behave  in  a  relatively  simple 
and  predictable  manner.  For  this  reason,  it  was  decided  to  simulate  the 
Hamilton  experiments  using  the  analogue  with  a  voltage  source  and  no 
capacitance . 

In  Figure  9-6,  the  Josephson  steps  show  up  as  spikes  whose  heights  could 
be  measured  by  changing  the  voltage  very  slowly,  and  allowing  the  plotter  to 
sweep  out  the  Josephson  oscillations  as  f,  became  very  small.  To  make  sure 
that  the  spikes  were  fully  traced  out,  50  ohms  of  series  resistance  was  added 
to  the  voltage  source.  This  reduced  the  slope  of  the  load  line  which  traces 
out  the  spike,  and  ensured  that  the  current  at  a  spike  didn't  change  too 
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rapidly  for  the  servo  motors  in  the  plotter  to  respond.  It  was  verified  that 

the  50  ohm  resistance  has  a  negligible  effect  on  the  amplitude  and  harmonic 

content  of  the  input  voltage.  It  might  be  noted  that  the  change  in  the  spike 

shape  upon  introduction  of  the  additional  50  ohms  indicates  that  the  original 

output  impedance  of  the  voltage  source  is  quite  small.  Some  typical  current- 

voltage  relationships  obtained  in  this  way  are  shown  in  Figure  9-7.  Note 

that  the  supercurrent  Josephson  spikes,  which  depend  on  Re  J2,  are  quite 

different  from  the  photon-assisted  tunnelling  steps,  which  can  be  looked 

upon  as  images  of  the  discontinuity  in  Im  J^.  Most  of  the  data  on  step  heights 

was  obtained  from  plots  such  as  those  in  Figure  9-7, 

Before  presenting  any  further  results,  it  is  useful  to  review  some 

aspects  of  the  Werthamer  theory  that  are  relevant  to  the  measurement  of  step 

heights.  Equations  9-1  and  9-2  show  the  theoretical  expressions  for  the  DC 

current  at  a  step  for  the  cases  of  pair  tunnelling  and  quasiparticle  tunnell- 
21 

ing,  respectively.  Equation  9-3  shows  the  expression  for  the  DC  current  of 
a  Josephson  step  in  the  RSJ  limit.  (There  are  no  PAT  steps  in  the  RSJ  limit.) 

Xdc  (V  “  1 4 Jn (a)  JN-n  <«>  <  <*»  -  ■>  *>  I  « <Vdc  +  Nhf/2e>  (9-1) 

he 'V  *  <« (hc  *  ”M/*>  (9-2) 

Idc<v  *  R*V°1UV2all8(vdc 1  Nhf/2e)  (9’3) 


where  delta  is  the  Kronecker  delta  function,  and  a  «  eV 

r: 
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FIGURE  9-7  EFFECT  OF  50f2  SOURCE  IMPEDANCE  ON  VOLTAGE  BIASED  CHARACTERISTICS 
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Note  that  the  Josephson  steps  occur  at  »  Nhf/2e.  The  photon-assisted 
tunnelling  steps  occur  when  the  argument  of  Im  j  is  equal  to  2A/e,  which  is 
when  Vjc  *  C2A/e  +  nhf/e)  , 

The  above  equations  are  obtained  by  letting  the  junction  voltage  ■ 

Vdc  +  V  cos  2irft  and  solving  for  the  current  using  equations  2-1  and  2-4. 

2 

Note  that  the  step  heights  in  the  high  frequency  case  are  proportional  to  J  (a) 

n 

as  opposed  to  J  (2a),  as  predicted  by  the  RSJ  theory.*  This  results  from  the 
n 

use  of  the  quantities  sin  ^2  and  cos  ^/2  in  the  Werthamer  theory,  instead  of 
sin  <t>  and  cos  0  as  in  the  RSJ  theory.  If  the  amplitude  of  Re  J  and  the 

slope  of  Im  are  treated  as  being  constant,  then  the  summations  in  9-1  will 
converge  to  that  of  9-3.  Because  there  is  no  discontinuity  in  Im  in  the 
RSJ  limit,  the  PAT  steps  disappear. 

The  photon-assisted  tunnelling  steps  are  readily  apparent  in  the  measured 

characteristics  of  the  analogue.  However,  the  effect  of  the  Riedel  singularity 

on  the  heights  of  the  Josephson  steps  is  minimal  until  large  values  of  alpha 

are  reached.  This  is  shown  in  Figure  9-8a,  where  Hamilton  has  used  equations 

9-  1  and  9-3  to  calculate  the  variation  of  the  height  of  the  N  =  0  Josephson 

21 

step  as  a  function  of  input  power  for  both  the  RSJ  and  Werthamer  cases. 

Note  that  no  differences  are  observed  until  the  seventh  zero  of  the  step 
height  has  occurred. 

Figures  9-8b  and  9-8c  show  results  obtained  with-  the  analogue  in  both  the 
RSJ  and  T  «  0  cases.  The  horizontal  axis  corresponds  to  the  RF  voltage,  as 
measured  with  a  lock-in  amplifier.  The  vertical  lines  were  obtained  by 
letting  the  plotter  pen  oscillate  for  several  seconds  as  the  analogue  remained 
biased  in  the  zeroth  order  step.  The  50  ohm  source  impedance  was  deleted,  and 
* 

a  ■ 


.vrf/hf 


9-16 


NSWC  MP  81-519 


the  measurement  of  the  step  height  is  relatively  inaccurate.  However,  note 
the  good  qualitative  agreement  between  the  analogue  and  calculations  based  on 
equations  9-1  and  9-3,  particularly  in  the  2  to  4  volt  region. 

The  VCO  gain  constant  of  the  analogue  was  such  that  e/h  was  900  Hz/volt. 
The  dimensionless  quantity  a  ■  eV^/  (hf )  scales  quite  well  between  the 
analogue  and  Hamilton's  calculation.  The  difference  in  relative  step  heights 
between  the  T  -  0  and  RSJ  limits  is  a  factor  of  ir/2,  which  is  the  DC  gain 
of  the  J2  filters  used  in  the  analogue.  (Removing  the  J2  filters  for  the 
RSJ  case  lowers  the  critical  current  by  this  amount.) 

Figure  9-9a  shows  the  height  variation  of  the  N  ■  3  Josephson  and  the 

n  -  3  PAT  steps,  as  calculated  by  Hamilton  using  equations  9-1  and  9-2.  The 

circles  are  experimental  points  obtained  by  Hamilton  using  a  tin  tunnel 

junction  at  1.3K  with  applied  RF  at  23.5  GHz.  Note  that  Hamilton  was  only 

able  to  obtain  data  for  large  values  of  a  for  the  N  ■  3  Josephson  step,  and 

small  values  of  a  for  the  n  ■  3  PAT  step.  The  former  limitation  resulted 

from  hysteresis  in  the  current  biased  characteristic  at  low  power  levels, 

which  made  some  of  the  Josephson  steps  inaccessible  to  measurement.  The 

latter  restriction  arose  from  the  problem  of  Josephson  steps  obscuring  the 

PAT  steps  at  large  values  of  RF  power.  (As  the  RF  power  is  increased, 

Josephson  steps  begin  to  appear  away  from  V.  *  0,  whereas  PAT  steps 

ac 

begin  to  appear  away  from  V.  “  2 A/e.  Eventually,  the  two  interfere  with 

ac 

each  other.) 

Neither  of  the  above  restrictions  applied  to  the  analogue.  As  the 
analogue  was  voltage  biased,  hysteresis  wasn't  present.  When  the  Josephson 
spikes  started  interfering  with  the  PAT  steps,  either  the  J^  or  J2  filters 
could  be  temporarily  disconnected.  (Note  that  equations  9-1  and  9-2  are 
completely  independent.  In  the  voltage  biased  limit,  disconnecting  one  set 
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FIGURE  9-9  VARIATION  OF  N  -  3  JOSEPHSON  AND  n  -  3  PAT  STEPS  WITH  R-F  POWfiR 
(AFTER  HAMILTON)21 
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of  filters  will  not  affect  the  steps  due  to  the  other  set  of  filters.) 

Figure  9-9b  shows  results  obtained  with  the  analogue,  scaled  to  and 
plotted  on  top  of  Hamilton’s  results.  As  before,  the  scaling  of  normalized 
step  height,  frequency,  and  voltage  was  reasonably  accurate.  The  only 
correction  factor  was  that  the  PAT  steps  were  normalized  o  the  measured 
height  of  the  discontinuity  in  Xm  at  the  gap,  which  is  slightly  higher  than 
its  theoretical  value  of  He  CO)  let.  section  8,7),  The  Josephson  steps  were 
normalized  to  the  measured  critical  current. 

The  inaccuracies  can  by  attributed  to  filter  error,  any  misad j ustment  of 
analogue  calibration  settings,  and  error  in  determining  V^.  All  things 
considered,  the  results  are  reasonable,  although  they  probably  could  be 
improved  if  the  measurement  were  done  tilth  less  attention  to  time  and  store 
attention  to  accuracy.  The  locations  of  the  zeros,  which  are  independent  from 
the  filter  responses,  are  in  good  agreement  with  theory,  which  suggests  that 
the  VCO  and  "mainframe"  circuitry  are  functioning  well.  It  should  be  pointed 
out  that  in  the  voltage  bias  limit,  the  oos  phi  term  due  to  Im  does  not 
appear  in  the  equations  for  the  step  heights.  However,  the  unwanted  phase 
shift  due  to  the  low  pass  filters  will  modify  slightly  the  effective 
amplitudes  of  Re  j^  and  la  J^,  but  this  effect  should  be  minimal. 

The  nest  figure  illustrates  the  frequency  dependence  of  the  H  ■  0 
Josephson  stop  at  a  given  level  of  KF  bias.  Figure  9- 10a  shows  Hamilton's 
calculations  compared  with  his  experimental  data  for  tin  as  the  frequency  is 
varied  between  23  and  26  GHz.  The  dashed  line  refers  to  the  theoretical 
prediction  of  the  RSJ  theory,  namely  that  the  step  height  in  the  voltage 
biased  limit  is  independent  of  frequency.  Figure  9- 10b  shows  the  same 
results,  but  with  data  from  the  analogue  superimposed.  The  analogue  data  was 
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obtained  by  varying  the  frequency  from  81  to  91  Hz  at  a  particular  level  of 
RF  voltage.  The  measurement  is  very  sensitive  to  slight  variations  in  vrf, 
and  misadjustment  of  Vrf  is  probably  the  prime  source  of  error.  (Note  that 
Hamilton's  calculations  allow  for  negative  step  heights;  the  absolute  value 
should  be  taken  as  shown  in  9-10b.) 

The  last  figure  in  this  section  (Fig.  9-11)  is  a  comparison  of  an  X-V 
characteristic  calculated  on  a  desktop  computer  with  a  measurement  done  using 
the  analogue.  The  analogue  measurement  is  presented  both  separately  and  as 
an  overlay  to  the  digital  computation.  The  J2  filters  were  disconnected,  and 
the  analogue  was  voltage  biased.  Using  equation  9-2,  it  took  the  Hewlett- 
Packard  9835  system  several  hours  to  calculate  the  curve.  The  analogue 
completed  the  measurement  in  less  than  15  seconds. 

As  it  stands ,  the  results  presented  above  could  almost  certainly  be 
improved.  However,  it  was  decided  not  to  dote  on  the  measurement  of  step 
heights,  but  to  proceed  with  measurements  of  the  plasma  resonance  using  some 
of  the  finite  temperature  filters. 

9.4  The  Plasma  Resonance 

The  improvements  to  the  analogue  described  in  the  previous  chapter,  as 
well  as  the  availability  of  improved  measuring  equipment,  made  it  worthwhile 
to  repeat  the  plasma  resonance  experiments  discussed  in  Chapter  4  (cf.  Fig.  4-32 
and  4-33) .  The  experimental  setup  is  relatively  simple,  and  is  outlined  in 
Figure  9-12.  The  analogue  is  shunted  with  a  capacitor,  and  current  biased 
within  the  zeroth  order  step.  At  low  input  levels,  the  device  behaves  as  a 
parallel  RLC  network  whose  inductance  is  determined  by  the  equilibrium  value 
of  cosine  phi,  which  in  turn  is  determined  oy  the  DC  current.  A  frequency 
response  analyzer  (FRA)  is  used  to  generate  the  AC  current.  The  voltage  at 
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FIGURE  9-11.  PHOTON  ASSISTED  TUNNELLING  STEPS;  DIGITAL  COMPUTER  VERSUS  THE  ELECTRONIC  ANALOGUE 
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the  input  to  the  analogue  is  returned  to  the  FRA,  which  measures  its  amplitude 
and  phase  relative  to  the  current.  This  information  is  stored  in  a  desktop 
computer,  and  is  processed  upon  completion  of  a  series  of  measurements. 

The  first  experiments  were  done  using  a  simple  RSJ  analogue  containing  a 
twin-T  filter.  Typical  results  are  shown  in  Figure  9-13  *  which  shows  the 
impedance  as  a  function  of  frequency  for  several  values  of  cosine  phi.  At 
resonance*  the  height  of  an  impedance  curve  in  Figure  9-13  is  proportional  to 
the  resistance.  In  the  figure*  a  height  of  1  corresponds  to  R  »  R_.  When  the 

u 

height  is  greater  than  1,  as  is  the  case  for  large  values  of  cos  phi,  it 

means  that  the  negative  cos  phi  amplitude  is  causing  the  apparent  value  of 

the  junction  resistance  to  increase.  Since  Q  *«  RC*  the  amplitude  of  the 

P 

impedance  at  resonance  is  proportional  to  the  Q.  The  variation  of  R  with 
cos  phi  is  given  by: 

R  -  Rj/U  ♦  YCOS*)  (9-4) 

This  curve  is  plotted  for  y  **  -.057  as  the  envelope  containing  the  maxima 

of  the  curves  for  the  real  part  of  the  impedance.  This  represents  a  "best 

fit"  to  the  data.  However,  the  predicted  value  of  gamma  was  -.031.  This  was 

verified  by  independent  measurement  of  the  low  pass  filter  response.  It 

turned  out  that  the  cumulative  phase  shift  of  the  remainder  of  the  analogue 

was  responsible  for  the  remaining  contribution  to  gamma. 

To  emphasize  the  effect  of  a  negative  cos  phi  amplitude  on  the  impedance 

of  the  analogue,  the  low  pass  filter  was  replaced  by  a  filter  having  a  relative 

cos  phi  amplitude  of  -.83,  The  effects  of  this  are  illustrated  in  Figure  9-14. 

Note  that  for  cosine  phi  =  1,  the  junction's  resistance  is  almost  six  times 

as  great  as  R  ,  An  envelope  to  the  impedance  maxima  based  on  a  value  of 
J 
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f»GURE  9-14  effect  of 
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gaama  ■  -.88  Is  plotted  in  the  figure.  Note  that  as  cosine  phi  goes  to  zero, 
the  junction  resistance  approaches  R_.  The  difference  between  the  predicted 
gamma  of  -,83  and  the  value  of  -.88  can  be  attributed  to  a  combination  of 
extra  phase  shift  contributions  in  the  circuit,  and  conservatism  in  fitting 
the  envelope  curve. 

Measurements  of  the  Q  of  the  resonance  curves  from  the  bandwidth  of  the 
impedance  curves  are  consistent  with  measurement  of  Q  from  the  resistance  of 
the  analogue  at  resonance.  These  results  are  summarized  in  Table  9-1, 

The  above  measurements  were  repeated  using  the  high  frequency  analogue 

with  the  T  ■  . 72T  filters  at  a  nominal  plasma  frequency  of  500  Hz.  At  this 
c 

frequency,  the  cos  phi  amplitude  is  small  (approx.  +  .026) ,  and  is  expected 
to  have  relatively  little  effect  on  the  apparent  resistance  of  the  analogue. 
The  measurements  were  first  made  using  only  the  J2  filters,  so  that  the  shunt 
resistance  was  constant,  independent  of  frequency.  The  experiment  was  then 
repeated  with  no  changes  except  to  connect  the  filters  to  introduce  a 
frequency  dependent  value  of  shunt  resistance. 

Figure  9-15  shows  the  I-V  characteristics  of  the  analogue  in  the 
T  *  . 72Tc  mode  with  both  and  connected,  with  and  without  capacitance; 
and  with  only  the  J2  filter  connected,  with  and  without  c-pacitance.  The 
voltage  biased  limit,  with  both  and  J2  connected  and  C  ■  0,  is  also  shown 
to  illustrate  the  variation  of  Im  with  voltage  (and  frequency) . 

Figure  9-16  shows  the  variation  of  impedance  with  cosine  phi  with  the 
filters  disconnected.  Note  the  small  variation  of  the  impedance  at 
resonance  with  cos  phi.  This  indicates  that  the  effect  of  the  Im  J2  cos  phi 
amplitude  is  minimal,  as  expected.  In  this  and  the  next  figure,  the  vertical 
axis  is  scaled  in  units  of  1000  ohms.  The  amplitudes  of  the  maxima  are 
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TABLE  9-1 

F  AND  F  /Q  FOR  THE  RSJ  ANALOGUE  FOR 
* 

TWO 

91 

DIFFERENT  VALUES 

OF  COS  PHI 

COEFFICIENT 

' 

1 

J  Vin(rms) 

1 

1 

cos  phi 

Fp(meas) 

Fp (predl 

Fp/Q(meas) 

Fp/Q (pred) 

1 

With  only  a  Twin-T 

filter; 

(Fp/Q(pred)  is  calculated  using  gamma  ■  -.03) 

.05 

1 

236 

237.7 

45 

45.3 

.015 

.9 

225 

225.5 

46 

45.4 

.025 

.9 

225 

225.5 

44 

45.4 

F 

.05 

.8 

210 

212.6 

46 

45.6 

! 

» 

.05 

.66 

187 

193.1 

46 

45.8 

» 

i 

.025 

.5 

168 

168.1 

46 

45.0 

a 

, 

1 

With  the  addition  of  a  low  pass  filter: 

i 

t 

* 

(Fp/Q(pred)  based  on  gamma  ■  -.83) 

[  .015 

1 

230 

237.7 

8 

7.9 

4 

j  .025 

1 

226 

237.7 

9 

7.9 

1 

1 

I  .015 

1 

i 

|  .015 

.9 

220 

225.5 

11 

11.8 

.8 

208 

212.6 

15 

15.7 

i  .015 

1 

.66 

190 

193.1 

24 

21.1 

.015 

.5 

168 

168.1 

24 

27.3 

1 

i 

(Note,  the  measurement  of  F 
as  some  of  the  curves  were 
it  was  not  always  obvious 
power  bandwidth . ) 

p/Q  with  the  LPF  connected  is  suspect, 
showing  non-Lorentizan  behavior,  and 
what  value  should  be  used  for  the  half 
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FIGURE  9-15  l-V  CHARACTERISTICS  FOR  T  -  0.72  T, 
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FIGURE  9-16  PLASMA  RESONANCE  J,  DISCONNECTED  T  -  0.72T 
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consistent  with  the  value  of  shunt  resistance  of  1150  ohms. 

Figure  9-17  shows  the  same  measurement,  but  with  the  filters 
connected.  Note  the  large  increase  in  the  apparent  resistance  of  the 
analogue,  as  well  as  the  strong  frequency  (as  opposed  to  cosine  phi) 
dependence  of  the  amplitude  and  bandwidth  of  the  resonance.  (The  interference 
at  60  Hz  and  its  multiples  is  mains  pickup.)  The  discussion  in  section  6.4 
explains  this  dependence,  and  its  similarity  to  the  effect  of  a  negative  cos 
phi  amplitude,  in  terms  of  the  frequency  dependence  of  Im  J^.  A  quantitative 
analysis  of  the  data  in  Pigures  9-16  and  9-17  is  shown  in  Table  9-2. 

There  is  good  agreement  between  the  above  results  and  the  theory 
described  in  chapter  6  for  the  effect  of  !m  J.  on  the  plasma  resonance.  The 
particular  choice  of  parameters,  in  terms  of  temperature,  frequency,  junction 
resistance,  and  capacitance ,  represents  a  situation  that  should  be  realizable 
using  real  tunnel  junctions. 

The  above  experiment ,  if  repeated  using  tunnel  junctions  as  described 
in  section  6.6,  would  confirm  the  relationship  between  Im  J^(V),  as  measured 
from  the  current-voltage  characteristic  of  a  junction,  and  Im  J^(f),  which 
determines  the  resistance  of  the  junction  at  microwave  frequencies.  Addition¬ 
ally,  the  experimental  results  could  shed  considerable  light  on  the  still 
unresolved  cosine  phi  controversy. 

In  other  experiments  done  to  measure  the  relationship  between  the 
quasiparticle  conductance  (Im  and  the  cos  phi  term  (Im  J2) ,  the  frequency 
is  generally  fixed  (cf.  Chapter  6).  The  above  experiment,  however,  would 
investigate  the  frequency  dependence  of  these  terms ,  and  thus  yield  information 
of  considerable  ir^ortance  in  verifying  the  accuracy  of  the  Werthamer  theory. 
Furthermore,  performing  measurements  at  more  than  one  frequency  would  aid  in 


9-32 


NSWC  MP  81-519 


TABLE  9-2  PLASMA  RESONANCE,  T  =  .72 


a.  J  FILTERS  DISCONNECTED,  I  *  -45  mA  (measured) 

1  U 

2e/h  ■  1800  Hz/volt  R  »  11500 

C  *  . 81ufd  (measured) 


cos^0 

f  (theor) 

P 

f  (meas) 

P 

R  (theor) 

R  (meas) 

1 

399 

405 

1150 

1153 

.914 

381 

380 

1150 

1139 

.785 

353 

335 

1150 

1116 

.475 

275 

275 

1150 

1086 

b.  Jx  FILTERS  CONNECTED, 

2e/h  ■  1800  Hz/volt 

R  - 
n 

C  - 

.43  mA  (measured) 

1150 

.81yfd  (measured) 

cos*0 

f  (theor) 

P 

f  (meas) 

P 

R  (theor) 

R  (meas) 

1 

391 

400 

3500 

3923 

.88 

367 

375 

3336 

3582 

H 

CO 

• 

352 

360 

3306 

3421 

.63 

311 

315 

3125 

3106 

.46 

x  2-  2 

4ir  t  ■ 
P 

265 

2elJ 

-  CO  8$ 

•RC 

260 

2833 

OBTAINED  FROM 
Im  J^V)  ,  T  » 

im  hf  Im  Jl' 

2828 

A  MEASUREMENT 

.72  T 

c 

Ef) 

Im  J^f) 
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the  elimination  of  spurious  data. 

9.5  Anomalous  Broadening  of  the  Riedel  Peak 

To  conclude  this  chapter#  we  discuss  further  observations  of  the  effect  of 
series  inductance  on  the  performance  of  the  analogue  in  the  voltage  biased 
limit.  With  the  T  ■  0  filters#  it  was  found  that  the  shape  of  the  back  of  the 
Riedel  peak  could  be  observed.  (In  the  current  biased  limit#  this  region  is 
inaccessible).  However#  as  the  inductance  was  increased#  the  Riedel  peak  became 
broader  and  higher  than  predicted  by  the  shape  of  Re  J2  (cf.  Figures  4-17  and 
4-18) . 

Observation  of  the  junction  current  and  voltage  indicated  that  the  negative 
slope  of  Re  J2  behind  the  Riedel  peak  was  causing  a  complicated  series  of 
oscillations.  Figure  9-18  shows  this  anomalous  broadening  of  the  Riedel  peak# 
along  with  the  time  dependent  current  and  voltage  at  various  bias  points. 

In  qualitative  terms,  it  appears  that  the  negative  slope  of  the  I-V 
characteristic  behind  the  Riedel  peak  causes  the  bias  point  to  drift  towards  the 
gap  singularity  when  the  analogue  is  biased  at  DC  voltages  slightly  greater  than 
2A/e.  A  small  decrease  in  voltage  causes  a  slight  increase  in  current#  which 
causes  an  additional  decrease  in  voltage,  and  so  on. 

The  analysis  of  the  problem  is  complicated  by  the  different  time  scales 
involved.  At  any  instant#  the  Josephson  oscillations  appear  to  satisfy  an 
instantaneous  version  of  the  RSJ  equation.  That  is#  the  individual  oscillations 
in  the  photographs  in  Figure  9-18  look  like  those  predicted  by  the  RSJ  model  for 
particular  values  of  Ij  and  Rjj.  However#  the  frequency#  amplitude#  and  DC 
offset  of  these  oscillations  vary  in  a  time  frame  that  is  slow  relative  to  an 
individual  Josephson  oscillation  (e.g.#  one  over  the  gap  frequency)#  but  quite 
fast  relative  to  the  time  constants  associated  with  measuring  the  DC  I-V 
characteristic. 
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Measurement  of  the  Josephson  frequencies  from  Figure  9-18  indicates  that 
the  oscillations  spend  much  of  the  time  near  the  gap  frequency  of  1  khz. 

However >  the  sharp  decrease  in  current  seems  to  be  accompanied  by  a  short  burst 
of  high  frequency  oscillations  and  a  momentary  rise  in  the  "average*  voltage, 
ibis  suggests  that  the  temporary  operating  point  is  jumping  to  a  voltage  greater 
than  the  applied  voltage/  and  the  current  is  decreasing  in  accordance  with  the 
change  in  He  beyond  the  Riedel  peak.  The  operating  point  then  appears  to 
drift  back  past  the  bias  voltage  to  repeat  the  cycle. 

Measurement  of  the  frequency  spectrum  of  the  oscillations  is  consistsnt 
with  this  argumsnt.  Figure  9-1 9a  shows  the  frequency  domain  representation  of 
the  series  of  oscillations  shown  in  Pigurs  9-19b.  Although  the  photograph 
doesn't  make  it  entirely  obvious *  the  spectral  response  seems  to  be  a  collection 
of  the  spectra  of  RSJ-type  oscillations  at  various  values  of  the  Josephson 
frequency  (see  Figure  8-7).  These  spectra  are  offset  from  each  other  with  a 
spacing  equivalent  to  the  repeat  frequency  of  the  envelope  of  the  signal  in 
Figure  9-19b. 

The  frequency  of  this  cycle  increases  as  the  external  bias  voltage 
approaches  the  region  where  dl/dV  in  the  characteristic  is  no  longer  negative. 
(This  corresponds  to  tbs  bottom  of  ths  hysteresis  region  in  the  current  biased 
characteristic  of  the  analogue.)  As  the  external  bias  is  Increased  past  this 
trough  the  oscillations  abruptly  cease. 

For  large  values  of  inductance/  the  negative  resistance  oscillations 
sometimes  follow  a  very  complicated  pattern/  as  illustrated  in  Figure  9-20.  The 
reason  for  this  is  not  understood. 
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FIGURE  9-19  SPECTRAL  ANALYSIS  OF  THE  RIEDEL  PEAK  OSCILLATIONS 
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The  study  of  the  effects  described  above  has  not  been  pursued  very  far. 
The  intent  of  this  section  has  been  to  identify  the  nature  of  the  problem, 
and  to  verify  that  the  phenomena  is  not  due  to  a  fault  with  the  analogue. 

It  appears  that  the  oscillations  are  a  genuine  consequence  of  the  Werthamer 
theory,  although  due  to  the  effect  of  shunt  capacitance,  it  is  unlikely  that 
these  oscillations  could  easily  be  observed  in  a  real  junction,  (The 
capacitance  will  reduce  the  effective  AC  source  impedance;  the  oscillations 
depend  on  the  presence  of  a  high  AC  source  impedance,  namely  the  inductor. 

If  the  inductor  was  removed,  the  I-V  characteristic  would  be  equal  to  Im 
and  the  Riedel  peak  and  supercurrent  effects  would  not  be  noticeable.) 

9,6  SGS  in  the  Capactively  Shunted  Analogue 

As  a  final  discussion  point,  it  is  interesting  to  analyze  the  appearance 
of  apparently  anomalous  structure  in  the  I-V  characteristics  of  the  high 
frequency  analogue  when  shunted  with  a  capacitor.  In  Figure  4-2 2b,  repeated 
here  as  Figure  9-2 la,  there  is  a  noticeable  discontinuity  at  V  ■  1/3  x  2A/e> 

A  similar  structure  is  evident  in  the  I-V  characteristic  in  Figure  9-15b. 

Investigation  of  the  latter  revealed  that  the  structure  occurs  precisely 
at  1/3  the  gap  voltage,  and  is  accompanied  by  an  increase  in  the  component  of 
the  RF  voltage  at  the  third  harmonic  of  the  Josephson  frequency,  which  is 
equal  to  the  gap  frequency  24/h .  As  the  current  is  reduced,  the  voltage 
decreases  to  1/3  the  gap  voltage,  and  then  abruptly  jumps  towards  V  ■  0, 

This  suggests  that  the  apparent  discontinuity  in  the  current  appears  at  the 
cusp  of  a  sub-gap  structure.  Since  the  analogue  is  current  biased,  the 
opposite  side  of  the  structure  is  not  accessible  as  the  current  is  reduced. 
Nor  is  it  accessible  as  the  current  is  increased  from  I  m  Q,  as  the  zero 
voltage  super current  is  traced  out  instead. 
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FIGURE  9-21  EFFECT  OF  CAPACITANCE  AND  LEAKAGE  RESISTANCE  ON  SUB-GAP  STRUCTURE 
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Figure  9**21b  shows  calculated  results  for  the  I-*V  characteristic  under 

current  bias  conditions  at  T  *  0  in  the  presence  of  a  shunt  capacitance 

2  ,  _ 

(after  McDonald,  et  al.  >  in  a  real  situation,  the  negative  resistance 
regions  in  the  characteristic  would  be  inaccessible,  and  would  show  up  as 
hysteresis  loops  in  the  characteristic. 

If  an  ohmic  leakage  current  were  present,  the  characteristics  in  Figure 
9-2 lb  would  slope  upward,  and  a  typical  characteristic,  including  hysteresis, 
might  look  like  Figure  9-21c.  In  the  case  of  Figure  4-22b,  such  a  leakage 
current  was  deliberately  introduced  into  the  analogue  to  prevent  any  problems 
due  to  the  overshoot  in  Im  at  the  gap  frequency  in  the  T  «  0  filters 
(see  Figure  4-21) .  In  the  case  of  Figure  9-15b,  the  leakage  current  is  already 
present  by  virtue  of  the  nonzero  temperature. 
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CHAPTER  10 

SUMMARY  AND  CONCLUSIONS 
10.1  The  Electronic  Analogue 

In  the  previous  chapters,  we  have  demonstrated  that  electronic  cir¬ 
cuitry  can  be  used  to  model  Werthamer's  formulation  of  the  Josephson 
effects  with  good  accuracy.  Due  to  the  complicated  nature  of  the 
response  functions  and  J^,  this  was  not  obvious  at  the  outset  of  the 
project.  A  technique  for  designing  filters  that  model  these  functiors 
was  successfully  developed,  and  at  the  time  of  writing  the  electronic 
analogue  is  probably  the  only  electronic  simulator  of  the  Josephson 
effects  which  can  model  accurately  the  effects  of  temperature  and  the 
superconducting  energy  gap. 

Using  the  analogue,  it  has  been  possible  to  confirm  and  extend 
many  of  the  calculations  done  by  others  using  the  high  frequency  theory. 

The  close  agreement  between  results  reported  by  Hamilton,  McDonald,  and 
others  with  results  obtained  using  the  analogue  indicates  that  the 
electronic  analogue  cam  be  used  to  obtain  both  qualitative  and  quantita¬ 
tive  results.  In  many  cases,  such  as  the  calculation  of  the  heights  of 
photon-assisted  tunnelling  steps,  the  analogue  is  significantly  faster 
than  a  digital  computer. 

The  analogue  is  very  useful  for  modelling  the  dynamic  behavior  of 
a  tunnel  junction.  For  example,  the  analogue  exhibits  the  hysteresis 
behavior  characteristic  of  a  real  junction,  but  which  is  not  evident 
from  a  digital  computation.  Other  dynamic  effects,  such  as  the  plasma 
oscillations,  are  quite  well  modelled  by  an  analogue.  Lastly,  the  analogue, 
has  exhibited  dynamic  behavior  that  has  not  been  reported  before,  namely 
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the  complex  oscillations  that  occur  at  the  Riedel  peak  when  the  analogue 
is  biased  through  an  inductor. 

There  is  no  doubt  that  improvements  can  be  made  to  the  design  and 
construction  of  the  analogue.  However,  the  results  obtained  thus  far 
indicate  that  the  analogue,  at  its  current  level  of  performance,  is 
sufficiently  accurate  and  versatile  to  be  an  important  tool  with  which 
to  investigate  the  properties  of  tunnel  junctions.  In  this  regard,  it 
is  hoped  that  many  of  the  results  presented  in  previous  chapters  will 
speak  for  themselves. 

10.2  The  High  Frequency  Theory 

The  predominant  concern  of  this  project  has  been  the  implementation 
of  Waldram's  scheme  for  modelling  the  Werthamer  theory,  as  opposed  to 
a  justification  of  the  theory.  Although  Werthamer' s  basic  equation  is 
limited  to  junctions  comprised  of  weak-coupling  superconductors,  and 
no  geometrical  effects  are  included,  the  theory  is  appropriate  for  many 
of  the  junctions  that  are  currently  of  interest  for  both  applications 
and  research  (e.g.  -  small  tin  junctions) .  However,  strong-coupling 
effects  that  occur  in  lead  junctions,  for  instance,  can  be  modelled  by 
the  analogue  in  an  ad-hoc  manner  (e.g.  -  by  adjusting  the  product, 

or  by  modifying  the  filter  responses) .  Although  it  would  be  difficult 
to  include  the  geometrical  effects  observed  in  large  junctions,  it  is 
fortuitous  that  most  of  the  practical  applications  of  the  Josephson 
effects  require  junctions  that  are  small  enough  to  exclude  geometrical 
factors. 

In  any  event,  the  usefulness  of  the  analogue  seems  to  be  diminished 
only  slightly  by  the  shortcomings  inherent  in  the  Werthamer  theory. 
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Certainly,  when  one  is  concerned  with  a  tunnel  junction,  the  Werthamer 
theory  represents  an  improvement  over  the  RSJ  model. 

At  this  stage,  it  is  worthwhile  to  summarize  the  differences  between 
the  Werthamer  and  RSJ  formulations : 

1.  The  RSJ  model  can  be  derived  from  the  high  frequency  theory. 

2.  The  main  differences  between  the  I-V  characteristics  of  the  two  models 
under  current  bias  conditions  are  the  presence  of  the  Riedel  peak  and  sub-gap 
structure . 

3.  Under  voltage  bias  conditions,  the  time  averaged  I-V  characteristic 
of  the  RSJ  model  is  linear  {i.e..  Ohmic).  The  characteristic  of  the  high 
frequency  theory  is  very  nonlinear,  with  a  sharp  reduction  in  current  at 
voltages  less  than  the  gap  voltage  2A/e. 

4.  A  shunt  capacitance  causes  the  I-V  curves  of  each  theory  to  be  hysteretic. 
For  a  given  amount  of  capacitance,  the  hysteresis  in  the  high  frequency  case 

will  be  much  more  pronounced,  due  to  the  larger  effective  RC  product. 

5.  In  the  high  frequency  calculations,  one  should  replace  Ij  in  the  RSJ  model 
with  a  value  obtained  using  a  combination  of  the  DC  and  high  frequency  values 

of  Re  ^  • 

6.  In  the  high  frequency  theory,  there  is  a  reactive  term  that  depends 
on  |Re  Jj_ ~  Re  J^{0)  ,  where  u>  is  the  frequency  of  oscillation  of 

the  junction  voltage.  Provided  that  u)  is  much  less  than  the  gap  frequency 
2A/h,  this  term  can  be  ignored. 

7.  The  quasiparticle  resistance  in  the  high  frequency  theory  is  both 
voltage  and  frequency  dependent. 
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8.  The  amplitude  of  the  cos <t>  term  is  comparable,  at  low  frequency,  with 
the  amplitude  of  the  quasiparticle  conductance.  As  Harris  has  pointed  out, 

g 

the  effect  of  this  term  is  negligible  much  of  the  time,  but  it  is  significant 
from  the  point  of  view  that  experimental  evidence  contradicts  the  theory.  The 
cos <t>  term  can  have  a  noticeable  effect  on  the  small  signal  AC  impedance  of  a 
junction. 

10.3  Circuit  Considerations 

As  with  any  electronic  device,  there  will  always  be  improvements 
that  can  be  made  to  the  design  of  the  electronic  analogue.  However, 
at  its  current  level  of  design,  there  do  not  seem  to  be  any  major 
problems  concerning  the  accuracy  of  the  analogue.  The  problems  that 
had  previously  existed  concerning  multiplier  calibration  and  an 
excessively  high  cos  phi  amplitude  have  been  reduced  to  the  point  where 
for  most  purposes  they  can  be  ignored. 

The  peculiar  negative  resistance  problem  associated  with  the  over¬ 
shoot  in  the  response  of  ImJ^  in  the  nine  pole  T  =  0  filter  is  still 
a  nuisance.  However,  it  appears  to  be  an  unavoidable  consequence  of 
the  sharp  discontinuity  in  ImJ^  at  the  gap  frequency.  For  the  most 
part,  this  overshoot  does  not  cause  any  difficulties.  Where  necessary, 
any  unwan^d  effects  can  be  removed  by  decreasing  the  I,R„  product,  which 
corresponds  to  adding  a  leakage  current  at  frequencies  and  voltages 
below  the  gap.  This  problem  does  not  exist  when  the  T  is  not  equal  to 
zero  filters  are  used. 

With  careful  design,  the  effective  cosine  phi  amplitude  of  the 
analogue  can  be  reduced  further.  This  would  involve  rebuilding  the 
existing  low  pass  filters  using  extremely  accurate  components.  The 
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main  difficulty  would  be  in  matching  the  values  of  several  inductors  to  within 
a  percent  or  so.  With  enough  effort,  there  is  no  doubt  that  this  can  be  done, 
but  the  necessity  for  doing  this  is  questionable. 

There  are  undoubtedly  other  parts  of  the  design  which  could  be  improved, 
but  as  it  stands,  the  electronics  of  the  analogue  are  both  simple  and 
reliable,  and  the  device  is  more  than  adequate  for  modelling  a  wide  variety  of 
situations  easily  and  with  high  accuracy. 


10.4  Suggestions  for  Future  Work 

In  addition  to  the  results  presented  in  earlier  chapters,  there  are 
several  areas  which  deserve  further  investigation.  Some  of  these  are  listed 
below. 

1.  Investigation  of  sub-gap  structure  in  the  I-V  characteristics  of  the 
analogue.  Qualitatively,  the  analogue  is  in  good  agreement  with  the 
predictions  of  Werthamer,  McDonald,  Harris,  and  others.  However,  no  careful 
observations  have  been  made  using  the  analogue  of  the  shape  and  amplitude  of 
this  structure  as  a  function  of  source  impedance,  temperature,  etc. 

2.  Investigation  of  non-steady-state  behavior.  The  analogue  is  ideal 
for  studying  the  dynamic  behavior  of  a  Josephson  junction.  The  unexpected 
negative-resistance  oscillation  observed  when  the  analogue  is  voltage-biased 
through  an  inductor  are  an  excellent  example  of  this.  These  oscillations  are 
quite  complex,  and  need  to  be  investigated  further.  There  is  a  slight  chance 
that  this  phenomenom  may  have  some  practical  application. 

3.  The  cosine  phi  problem.  As  predicted  in  Chapter  2,  and  demonstrated 

in  Chapter  9,  the  response  function  1m  can  cause  frequency 
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dependent  effects  similar  to  those  predicted  for  a  negative  cos  phi  tern. 

This  is  a  factor  that  was  neglected  in  the  interpretation  of  the  Pedersen, 

Langenberg,  and  Finnegan  experiment  to  neasure  the  cos-phi  anplitude  for  a 

9 

lead  tunnel  junction.  It  would  be  worthwhile  for  this  experiment  to  be 
repeated,  preferably  using  much  smaller  tunnel  junctions.  Performing  and 
interpreting  the  experiment  from  the  viewpoint  of  the  Werthamer  theory,  as 
opposed  to  the  RSJ  model,  might  lead  to  a  substantially  different  result 
concerning  the  cosine  phi  amplitude. 

4.  Measurement  of  the  performance  of  a  quasiparticle  mixer.  The  most 
promising  microwave  application  of  a  Josephson  junction  is  the  QPPAT,  or 
quasi-particle  photon  assisted  tunnelling  mixer.  51  This  device  depends  on 
the  frequency  dependence  of  both  Im  J^(«)  and  Re  (w)  for  its 
operation.  To  the  author's  knowledge,  the  electronic  analogue  is  the  only 
electronic  simulator  in  existence  which  models  properly  the  frequency 
dependence  of  Re  J^w)  and  Im  («) .  Hence,  it  is  a  unique  and 

valuable  tool  for  investigating  the  practicality  of  QPPAT  devices. 

5.  Noise  effects.  The  influence  of  noise  on  junction  dynamics  is  an 

extremely  complicated  but  important  subject  which  can  be  studied  using  the 

analogue.  In  particular,  the  various  instabilities  inherent  to  Josephson 

49 

devices  are  closely  related  to  noise  phenomena  and  are  of  much  interest. 

The  above  list  is  by  no  means  comprehensive  and  is  only  meant  to 
illustrate  area  that  the  author  considers  to  be  important  and 
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interesting.  There  are  undoubtedly  many  other  applications  of  the  analogue 
that  have  been  overlooked. 

10.5  Conclusion 

This  thesis  has  been  concerned  primarily  with  the  behavior  predicted 
by  the  high  frequency  theory,  as  opposed  to  the  behavior  observed  in 
real  tunnel  junctions.  Until  recently,  real  tunnel  junctions  have  had 
such  a  large  shunt  capacitance  that  most  of  the  effects  which  require  the 
high  frequency  theory  for  their  explanation  are  masked.  However,  as  the 
technology  of  fabricating  smaller,  less  capacitive  tunnel  junctions 
improves,  these  effects  will  become  more  and  more  apparent. 

In  one  of  his  many  excellent  papers  on  the  high  frequency 
theory,  Harris  comments,  "The  theoretical  expression  for  the  current 
through  a  small  Josephson  tunnel  junction  is  quite  complicated  and 
seemingly  defiant  to  intuitive  physical  interpretation."15  Although 
the  previous  chapters  have  been  more  concerned  with  the  mathematical 
expression  itself  than  with  its  physical  interpretation,  it  is  hoped 
that  this  thesis  has  helped  to  shed  some  light  on  the  problem. 
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APPENDIX  A 

REPRINT  OF  "AN  ELECTRONIC  ANALOGUE  OF  A  HIGH 
FREQUENCY  THEORY  OF  THE  JOSEPHS ON  EFFECT," 

BY  D.  G.  JAB LONS K I  AND  J.  R.  WALD  RAM 
(PRESENTED  AT  IC  SQUID,  BERLIN  1980) 

Note:  Hie  sign  conventions  for  J^(w)  and  (u)  in  this  reprint  differ 
from  those  used  throughout  the  rest  of  this  dissertation.  However,  the  sign 
convention  used  in  performing  the  convolution  integrals  is  different  as  well. 

All  results  involving  current  and  voltage  are  consistent  with  those  in  the  rest 
of  this  dissertation,  as  well  as  with  results  in  the  general  literature. 
INTRODUCTION 

A  prototype  electronic  analogue  has  been  built  which  models  Josephson  tunneling 

between  identical  superconductors  at  T  ■  0  and,  with  modification,  at  higher 

temperatures.  Unlike  simulators  reported  in  the  literature,  '  this 

device  includes  high  frequency  and  gap  effects,  the  Riedel  peak,  and  non-linear 

quasiparticle  tunneling.  It  is  based  on  the  high  frequency  form  of  Josephson's 

theory*  5  as  developed  by  Wethamer*  *  and  later  extended  by 

Harris*”5'*”6'*-7  and  McDonald,  Johnson,  and  Harris.*”8  The  principle  on 

A-9 

which  this  analogue  was  based  was  first  described  by  one  of  us  in  1978. 

The  circuit  uses  a  phase-locked  loop  of  the  type  described  by  Bak*  1  in  a  new 
way. 

We  begin  this  paper  with  a  brief  review  of  the  high  frequency  theory.  This 
is  followed  by  a  description  of  the  design  and  construction  of  the  device. 

Simple  results  are  presented  to  show  the  limitations  and  overall  accuracy  of  the 
analogue.  A  comparison  is  made  with  previously  published  results  obtained 
numerically.  Finally,  there  is  a  discussion  of  how  the  analogue  can  be 
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improved ,  and  what  part  the  analogue  might  play  in  the  continuing  development  of 
Joseph8on  technology. 

THEORY 

The  current  in  a  Josephson  junction  can  be  written  as*  7,A  10 

I(t)  -  Im  exp(-i±(t))  /exp  (il(f)ji(t  -  t')dt*  (A-l) 

+  exp  (i±(t))  /exp(i±(t')j2(t  -  t)df 

2  -•  2 

where  ££  *  2SZ,  and  ji(t)  and  j2(t)  are  real  response  functions  determined 
dt  1i 

by  the  gap  parameter,  density  of  states,  Fermi  factors,  etc. 

If  the  voltage  V  is  held  constant,  we  may  write  i*  (t)  ■  ut,  where  hu  ■  eV, 

2 

and  (i)  is  one  half  the  usual  Josephson  frequency.  Equation  (A-l)  becomes 

I(V)  -  Im  J^w)  -  sin  *  Re  J2(w)  +  cos*  Im  J2(u>)  (A-2) 

where  J^oi)  and  J2(w)  are  the  Fourier  transforms  of  j^(t)  and  j2(t). 

The  following  points  should  be  noted i 

1.  There  is  a  direct  correspondence  between  w  and  V  when  V  is  constant. 

2.  J2(w)  describes  the  excess  currents  first  described  by 
Josephson.*  *  -Re  J2(u)  is  the  critical  supercurrent,  and  Im  J2(u)  is 
the  coefficient  of  the  cos*  term. 

3.  Im  J1(u)  describes  the  ordinary  tunnel  current.  If  Im  J^fu) 

«  u,  then  this  term  is  equivalent  to  an  ohmic  resistance  where  I  ■  V. 

4.  Re  Jx(«)  does  not  affect  the  current  if  V  is  constant. 

The  widely-used  resistively-shunted  junction  (RSJ)  model  is  obtained  from 
equation  (A-2)  if  we  set  Im  J^(«)  «  u,  Re  J2(u>)  ■  constant,  and  Im 
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J2(u)  ■  0.  It  Is  important  to  realize  that  there  is  no  limit  in  which  the 
RSJ  model  is  correct.  The  RSJ  model  always  ignores  the  cos*  term  and  the 
large  nonlinearities  in  the  quasiparticle  current. 

Equation  (A-l) ,  on  the  other  hand,  not  only  includes  all  quasi-particle 
tunnelling  and  the  cos*  term,  but  is  also  valid  at  all  frequencies  and  for  all 
forms  of  V(t). 

The  analogue  is  based  on  the  follows  idea.  Equation  (A-l)  can  be  written 

I (t)  *  cos!(sinl  *  3X)  -  sin!(cos!  *  jj.)  +  sin!(cos!  *  j2> 

2  2  2  2  2  2 

+  cos!(sin!  *  j  2)  (A— 3) 

2  2  * 

where  the  terms  in  the  brackets  represent  convolution  integrals  of  the  form 

(sin*  *  jx)  -  Jfc  ainULSJLL  (t  -  t')dt'  (A-4) 

2  —ao  2 

If  the  voltage  signals  representing  sin!  and  coal  are  available,  these 

2  2 

integrals  may  be  simulated  by  applying  the  voltages  to  electronic  filters  whose 
pulse  responses  have  the  form  j^(t)  or  j ^ (t)  as  appropriate.  The  filter 
output  then  represents  the  integral.  Note  that  this  part  of  the  simulator  is 
entirely  linear  in  operation.  j^(t)  and  j2(t)  are  real,  and  may  be  regarded 
as  being  zero  for  negative  argument.  Thus  filters  with  pulse  responses  j^(t) 
and  j2(t)  can,  in  principle,  be  constructed.  (It  is  worth  noting  that  Re 
J^(di)  and  Im  J^(u),  the  Fourier  transforms  of  j^(t),  are 
Kramers-Kronig  conjugates,  as  are  Re  J2(u>)  and  Im  J2(<d).) 

The  complete  simulation  of  equation  (A-3) ,  including  the  generation  of  the 
sin!  an  cos!  voltages,  is  done  using  an  elaboration  of  the  phase-locked  loop 
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loop  circuit  described  by  Bak,  as  shown  in  Figure  A-l.  With  no  input 
voltage/  the  voltage  controlled  oscillator  (VCO)  in  Figure  A-l  oscillates  at 
frequency  <dq .  With  a  voltage  present  at  the  input,  the  output  of  the  VCO 
has  the  form 

■  A  sin  (digt  +  k/vindt)  (A-5) 

where  A,  (oQ ,  and  k  are  constants  determined  by  the  circuit  designer.  The 
local  oscillator  produces  a  signal 

V^,-  B  sin{(D0t)  (A-6) 

This  is  phase  shifted  to  produce  an  additional  signal 

V2  -  B  cos(u>0t)  (A-7) 

(The  gain  and  phase  of  the  phase  shifter  are  frequency  dependent.  The  phase 
shifter  is  calibrated  to  produce  a  unity-gain,  90°  phase  shift  at  frequency 
(Oq.)  These  two  signals  are  each  multiplied  by  the  VCO  output,  each 
producing  signals  at  the  sum  and  difference  frequencies  of  the  LO  and  VCO.  Low 
pass  filters  remove  the  sum  frequencies,  leaving  signals  proportional  to 

sini.  and  cost.,  where  *  2kV,n. 

2  2  dt  in 

These  signals  are  then  filtered,  multiplied,  and  added  according  to 
equation  (A-3) .  The  resulting  voltage  is  converted  to  a  current  by  the  voltage 
controlled  current  source  (VCCS) ,  which  is  connected  back  to  the  input.  Current 
from  the  input  flows  into  the  VCCS  and  shunt  resistor,  but  not  into  the  VCO, 
which  is  a  high  input  impedance  device. 

The  remaining  problem  is  to  synthesize  filters  whose  pulse  response 
functions  have  the  form  j^(t)  and  j2<t).  Even  using  very  simple  filters  of 
the  type  shown  in  Figure  A-2,  j5  (t)  and  j2(t)  can  be  approximated 

A-4 

surprisingly  well.  The  dashed  lines  in  Figure  A-3  show  Werthamer's  results 
for  J.  (u)  and  J_(u)  at  T  ■  0  for  identical  superconductors.  The  solid 


NSWC  MP  81-519 


lines  in  Figure  A-3  show  the  corresponding  response  curves  for  the  filters 

actually  used  in  the  analogue.  The  difference  between  the  theoretical 
and  the  corresponding  response  function  is  deliberate.  It  will  be  noted  that 


VCO  VOLTAGE  CONTROLLED  OSCILLATOR 

LO  LOCAL  OSCILLATOR 

PS  PHASE  SHIFTER 

VCCS  VOLTAGE  CONTROLLED  CURRENT  SOURCE 

LPF  LOW  PASS  FILTER 


resistor  has  been  placed  in  parallel  with  the  input  to  the  analogue  (cf. 
Figure  A-l) .  This  resistor  is  equivalent  to  a  linear  term  in  Im  (<*>), 
which  would  have  been  inconvenient  to  model  as  a  filter  response.  When  this 
linear  term  is  added  to  the  response  of  the  (w)  filter  one  gets  a 
reasonable  approximation  to  the  theoretical  curve.  A  linear  term  in  Im 
(<i> )  adds  a  constant  to  Re  as  can  be  seen  from  the 
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Kramers-Kronig  relations.  However,  we  see  from  Equation  A-l  that  an  arbitrary 
constant  in  Re  J^(a>)  has  no  effect  on  the  observed  tunnel  current.  For 
comparison  purposes,  the  theoretical  expression  for  Im  J, {w )  minus  its 

linear  component,  is  plotted  as  a  dotted  line  in  Figure  A-3b. 


FIGURE  A-2.  RLC  MODELS  FOR  J^co)  AND  J2(u) 


At  this  stage,  it  is  worthwhile  to  emphasize  certain  points  about  the 
synthesis  of  (t)  and  j2(t). 

1.  Analytic  expressions  for  J^w)  and  J2(w)  exist  only  at  T  »  0. 

A**5  A-6  a»11 

Harris  '  and  Shapiro  have  calculated  these  functions  numerically 
for  nonzero  temperatures.  Figure  A- 4  shows  J^(u)  and  J2(u)  for 
identical  superconductors  at  T  -  . 7Tc« 

2.  The  divergence  at  hu  ■  24  (the  Riedel  peak)  is  related  to  the 
singularity  in  the  density  of  states  at  the  gap  edge  in  the  superconductors. 
This  is  a  weak,  integrable  singularity. 

3.  There  is  a  problem  concerning  the  high  frequency  behavior  of  J^fcD) 

and  J2(u).  For  example,  expansion  in  powers  of  1  shows  that  (at  T  »  0,  at 

<■> 

least)  Re  J2(u),  which  is  an  even  runction,  falls  off  as(A  at  high 
frequencies.  This  behavior  cannot  be  modeled  by  a  filter  containing  a  finite 
number  of  elements.  It  arises  in  Werthamer's  theory  through  the  use  of  the 
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FIGURE  A-3.  THEORETICAL  FUNCTIONS  J,  <CJ)  AND  J2  (W)  COMPARED  WITH  RESPONSE  OF 
THE  CORRESPONDING  FILTERS 
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weak-coupling  approximation  in  which  one  treats  the  gap  parameter  Afe  as  a 
constant  and  ignores  the  fact  that  A^  is  modified  at  excitation  energies  of 
the  order  of  the  phonon  frequency.  In  the  spirit  of  the  weak-coupling 
approximation,  it  seems  best  to  use  filters  which  are  as  accurate  as  possible  at 
frequencies  comparable  with  the  Riedel  peak  frequency,  but  whose  frequency 
response  at  the  highest  frequencies  is  inaccurate. 

4.  An  ideal  way  to  synthesize  the  filters  would  be  to  find  continued 

fraction  expansions  of  the  expressions  for  J^(w)  and  This  would 

yield  the  poles  and  zeros  of  the  filter  responses,  and  standard  synthesis 
techniques  would  be  applicable.  However,  no  exact  continued  fraction  expansions 
of  the  analytic  expression  at  T  ■  0  seem  to  exist,  and  we  have  used  more 
empirical  methods  to  obtain  suitable  filters. 

5.  By  designing  filters  with  response  functions  (0^  -  J2>  and 

{0^  +  J2> ,  it  would  be  possible  to  reduce  the  number  of  complete  filters 
in  the  analogue  from  four  to  two.  However,  this  would  prevent  separate 
measurement  and  control  of  the  pair  and  quasiparticle  currents,  which  is  a 
useful  feature  of  the  analogue. 

CIRCUIT  CONSIDERATIONS 

The  prototype  analogue  was  built  using  conventional  integrated  circuit 

technology  (op  amps,  integrated  circuit  multipliers,  and  function  generator 

chips) .  Table  A-l  shows  the  operating  parameters  of  the  analogue  compared  with 

A-12 

their  counterparts  in  a  typical  tunnel  junction.  The  gap  frequency  of  the 

analogue  is  1000  Hz.  The  analogue  is  designed  to  operate  at  input  frequencies 
up  to  five  times  this  with  reasonable  accuracy.  The  local  oscillator  frequency 
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is  about  100  kHz.  These  frequencies  are  arbitrary,  but  reflect  various 
tradeoffs  in  circuit  design.  The  predominant  consideration  was  to  keep  the 
frequencies  in  a  range  where  simple  op  amp  design  and  breadboarding  techniques 
work  well.  However,  there  are  several  other  considerations  which  affect  the 


TABLE  A— 1  PARAMETERS  OF  ANALOGUE  COMPARED  WITH  THOSE  OF  A 
TYPICAL  TUNNEL  JUNCTION 


xr  a  2A 

vgap  -j- 

*n 

2e 

h 

f  «  2A 

Typical 

Junction12 

1  ma 

3  mV 

loo  a 

483  MHz 

uv 

725  GHz 

Analogue 

1  ma 

.6  m 

560  a 

3125 

V 

1000  GHz 

accuracy  and  stability  of  the  device.  These  are  straightforward,  and  are 
encountered  in  any  phase-locked  loop  design.  They  will  not  be  discussed  here. 


The  filter  circuits  warrant  special  discussion.  Figure  A-2  shows  the  RLC 
models  for  and  J2(w)  at  T  *  0.  Figure  A-5  shows  the  circuit 

actually  used  in  the  analogue  for  J^fu).  Instead  of  the  six  components 
shown  in  Figure  A-2,  the  circuit  in  Figure  A-5  has  almost  30  components.  But  it 
is  actually  the  simpler  of  the  two  circuits  to  build  and  incorporate  into  the 
analogue.  It  requires  no  additional  interface  circuitry,  whereas  the  RLC 
equivalent  would  require  a  current  source  to  drive  it,  and  another  circuit  for 
subtracting  the  output  voltages.  The  circuit  in  Figure  A-5  contains  no 
inductors.  At  the  low  frequencies  involved,  the  necessary  inductors  would  be 
very  large  and  prohibitively  expensive.  The  circuit  in  Figure  A-5  is  both 
inexpensive  and  easy  to  design.  This  circuit  consists  of  two  "biquad" 
filters.  '  The  biquad  gets  its  name  from  its  transfer  function,  which 

is  the  ratio  of  two  quadratics.  It  is  an  extremely  flexible  circuit,  and  with 
appropriate  resistor  values  can  be  used  to  model  almost  any  RLC  network. 
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The  versatility  of  the  biguad  opens  up  many  possibilities  for  the 
electronic  analogue.  The  accuracy  of  the  analogue  depends  largely  on  how  good 
the  filters  are.  Extremely  accurate  filters  will  be  very  complicated,  and  may 


require  ten  or  more  biquads  per  filter.  But  the  technology  now  exists  to  make 

A-15 

custom  designed  biquads  in  small  quantities  for  as  little  as  $2  each. 

To  adjust  the  atemperature”  of  the  analogue,  it  is  necessary  to  modify  the 
filter  functions  (cf.  Figure  A-4).  This  can  easily  be  accomplished  using 
variable  resistors  in  the  biquads.  The  most  practical  approach,  however,  seems 
to  be  to  design  specific  filters  for  each  of  a  limited  number  of  temperatures. 

A  general  purpose  set  of  variable  filters  would  provide  greater  flexibility,  but 
would  be  difficult  to  calibrate. 


SIGNS 

A  brief  word  about  signs  is  in  order.  The  literature  is  full  of 

discrepancies  concerning  the  sign  conventions  for  J^u)  and 

A— 6 

Harris  has  discussed  this  in  detail.  In  the  analogue,  the  signs  largely 
take  care  of  themselves.  The  real  filters  in  the  analogue  will  always  satisfy 
causality  requirements,  and  the  signs  adjust  themselves  accordingly.  It  is  not 
possible  for  the  designer  to  influence  the  sign  relation  between  the  real  and 
imaginary  parts  of  and  J2(w).  What  signs  one  uses  in  describing 

these  functions  depends  largely  on  convention.  However,  the  designer  can  add  an 
overall  sign  change  to  either  or  both  J^(u>)  and  J2(u).  This  will  affect 
both  the  real  and  imaginary  parts  of  each  function.  Changing  the  sign  of 
J^(u)  will  make  the  quasiparticle  resistance  look  negative  instead  of 
positive,  an  obviously  unphysical  situation.  The  overall  sign  of  J2(u), 
however,  has  no  effect  on  the  input/output  characteristics  of  the  analogue.  It 
does  affect  whether  the  VCO  phase-locks  at  0°  or  180°  with  respect  to  the  LO 


when  the  analogue  is  biased  within  the  zeroth  order  step. 
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As  for  the  sign  of  the  cos*  term,  the  real  issue  is  whether  the  cos* 
term  increases  or  decreases  the  dissipation  of  energy  within  the  junction.  If 
the  cos$  term  serves  to  increase  the  Q  of  the  plasma  resonance,  its  sign  is 

A— 16 

considered  to  be  negative.  However,  it  should  be  remembered  that  the 

coefficient  of  the  cost  term  is  a  function  of  frequency,  voltage,  and 
temperature.  While  the  overall  effect  of  this  term  can  often  be  neglected,  one 
must  still  be  careful  about  treating  the  coefficient  as  a  constant. 


FIGURE  A-6a.  ANALOGUE  RESULTS  FIGURE  A-6b.  CALCULATED  RESULTS 

(AFTER  MCDONALD,  «t  »l.  °) 

FIGURE  A-6.  EXPERIMENTAL  AND  CALCULATED  l-V  CHARCTERISTICS 
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RESULTS 

Figure  A-6a  shows  the  an  X-V  characteristic  of  the  current  biased 
analogue.  Curve  £  shows  the  total  DC  current,  and  curve  b  the  DC  Josephson 
currents.  Hysteresis  is  present  in  the  characteristic  in  the  regions  where  the 
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slope  of  curve  £  (the  total  current)  is  negative.  Under  current  bias 
conditions*  regions  of  negative  differential  resistance  are  inaccessible. 

However*  in  regions  where  the  total  differential  resistance  (i.e.*  the  slope  of 
curve  a)  is  positive*  negative  differential  resistance  regions  of  curve  £  (the 
Josephson  current)  are  accessible.  The  fine  structure  and  divergence  shown  in 
Figure  A-6b  are  not  present  in  the  curves  of  Figure  A-6a  as  a  consequence  of  the 
crudeness  of  the  prototype  filters  used  in  the  analogue.  Curve  c  in  Figure  A- 6 A 
shows  the  effect  of  shunt  capacitance  on  the  total  current.  The  capacitor  serves 
to  short  out  the  higher  harmonics  of  the  AC  voltages  across  the  junction.  At 
the  sane  time*  it  provides  a  return  path  for  AC  currents  through  the  junction* 
which  otherwise  could  not  flow.  In  other  words*  the  capacitor  serves  to  reduce 
the  source  impedance*  moving  the  junction  from  current  bias  towards  the 
condition  of  voltage  bias.  In  the  voltage  biased  limit*  a  plot  of  average 
current  versus  average  voltage  is  identical  with  Im  (<■>)*  the  quasiparticle 
current.  The  strong  nonlinearity  of  this  current  is  apparent  in  the  figure. 

FUTURE  WORK 

Work  is  currently  underway  to  improve  the  existing  filters  for  T  ■  0,  and 
to  design  filters  for  nonzero  temperature.  This  is  being  done  using  empirical 
techniques  of  curve-fitting.  But  more  sophisticated  numerical  techniques  (i.e.* 
use  of  Pade  approximates)  may  be  attempted  in  the  future.  Some  preliminary  work 
has  been  done  to  model  various  experiments.  Briefly*  these  include: 

1.  Observation  of  the  plama  resonance.  This  is  simple  if  done 
qualitatively*  but  accurate  measurements  will  require  care.  These  measurements 
may  provide  some  insight  into  the  ambiguity  of  the  results  of  experiments  done 
to  measure  the  sign  of  the  cos*  term.  Unlike  experiments  involving  real  junctions, 


geometrical  considerations  may  be  ignored/  greatly  simplifying  the  experiment. 

If  need  be/  the  non-linear  guasiparticle  resistance  can  be  made  linear  as  well. 

A— 17 

2.  Investigation  of  quasiparticle  mixing.  Recent  work  indicates 
that  use  of  the  nonlinear  quasiparticle  resistance  for  microwave  mixing  will 
result  in  an  extremely  low-noise  device.  The  analogue  will  be  ideal  for 
modeling  the  performance  of  this  and  other  microwave  devices. 

3.  Investigation  of  computer  switches.  Josephson  junctions  can  be  used  as 

A— 18  A-19 

extremely  fast  switching  devices.  '  These  devices  require  a  hysteretic 

junction  with  a  highly  nonlinear  quasiparticle  resistance.  The  analogue  can  be 
used  to  model  a  computer  switch  with  the  addition  of  a  circuit  for  controlling 
the  amplitude  of  the  J2(u)  filter  response.  Varying  this  amplitude  is 
analogous  to  applying  a  magnetic  field  to  the  junction.  A  suitable  nonlinear 

network  could  be  added  to  model  the  sinfr  dependence  of  critical  current  on 

4- 

magnetic  field.  An  additional  filter  added  to  this  network  couii  -rodel  the 
propagation  delays  associated  with  a  superconducting  stripline  in  a  real 
device.  Simple  switching  action  has  already  been  observed  using  the  analogue , 
and  it  is  hoped  that  quantitative  results  will  be  available  in  the  near  future. 
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APPENDIX  B 

HIGH  FREQUENCY  APPLICATIONS  OF  JOSEPHSON  DEVICES 

The  research  described  in  this  thesis  was  originally  intended  to  be 
investigation  of  parametric  effects  in  Josephson  junctions.  As  the  work 
progressed,  it  became  apparent  that  Josephson  parametric  devices  were  not  going 
to  be  as  practical  or  useful  as  had  been  anticipated.  This,  combined  with  the 
difficulties  involved  in  setting  up  even  a  simple  parametric  amplifier 
experiment  (i.e.,  fabricating  junctions,  procuring  equipment,  etc.),  led  to  the 
conclusion  that  another  line  of  research  would  be  more  profitable.  However,  it 
is  worth  summarizing  a  few  aspects  of  the  behavior  of  parametric  amplifiers  and 
other  high  frequency  devices. 

First,  the  motivation  for  using  Josephson  junctions  for  high  frequency 

applications  is  that  they  are  highly  nonlinear,  very  fast,  and  hopefully  low 

noise  devices.  Unfortunately,  dependable  Josephson  junctions  are  difficult  to 

fabricate.  They  have  low  dynamic  range,  and  their  unusual  properties  often 

result  in  poor  noise  performance  despite  their  cryogenic  operation.  The  only 

major  high  frequency  application  where  a  Josephson  device  seems  practical  is 

that  of  a  submillimeter  wavelength  low  noise  mixer  for  radio  astronomy 

applications.  High  dynamic  range  is  not  essential,  and  the  noise  performance 

and  frequency  response  may  prove  to  be  better  than  those  of  competing 

B-i 

semiconductor  devices. 

Amplifiers  based  on  Josephson  junctions  have,  however,  been  a 

0—2 

disappointment,  as  they  are  much  noisier  than  first  expected.  Much  of  this 
problem  can  be  attributed  to  nonthermal  noise  mechanisms  which  are  difficult  to 
understand.  And  the  effect  of  thermal  noise  is  abnormal,  in  that  the  noise 
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temperature  of  the  amplifier  depends  on  the  nature  of  the  input  signal.  As  a 
result/  the  original  expectations  of  a  high  bandwidth/  low  noise/  high  frequency 
par amp  have  never  been  realized.8  1 

Two  kinds  of  Josephson  junction  mixer  and  the  Josephson  junction  parametric 
amplifier  are  discussed  below. 

The  conventional  Josephson  junction  mixer  takes  advantage  of  microwave 

induced  steps  in  the  current  biased  I-V  characteristic  of  the  junction.  The 

junction  is  usually  DC  current  biased  between  the  zeroth  and  first  order  steps. 

The  relative  heights  of  these  steps  depends  on  the  power  level  of  an  applied 

local  oscillator  signal.  A  signal  of  SLostantially  less  power/  but 

approximately  the  same  frequency  as  the  local  oscillator  is  applied.  This 

causes  the  DC  characteristic  to  be  modulated  at  the  difference  between  the  DO 

and  signal  frequencies.  This  IF  signal  can  be  detected  using  a  low  frequency 

circuit.  Provided  that  suitable  matching  conditions  exist/  the  mixer  can 

theoretically  exhibit  gain.  But  achieving  these  conditions  is  quite  difficult. 

B— 3 

This  type  of  mixer  has  been  extensively  studied  by  Blaney  and  others. 

A  second  type  of  high  frequency  mixer  utilizes  the  nonlinearity  of  the 

quasiparticle  conductance  in  a  tunnel  junction.  The  Josephson/  or  pair 

tunnelling/  is  usually  suppressed  using  a  magnetic  field.  This  device  is 

similar  to  a  nonlinear  diode  in  many  respects/  but  because  of  the  reactance 

associated  with  He  J^u}/  it  can  exhibit  gain.  Richards/  et  al.  have  made 

B-4,B-5 

measurements  on  a  real  device/  and  Tucker  has  investigated  the  theory. 

A  lot  of  work  has  been  done  on  the  unbiased  Josephson  parametric 
8*6  b-2  B-7 

amplifier.  '  '  This  amplifier  usually  takes  the  form  of  an  array  of 

tunnel  junctions  or  microbridges  in  a  superconducting  thin  film  stripline.  By 
using  an  array/  the  problem  of  matching  is  les3  severe/  and  the  dynamic  range  is 
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increased.  The  junctions  are  unbiased  in  the  sense  that  the  DC  voltage  and 
current  are  zero.  The  amplifier  is  operated  as  a  reflection  type, 
doubly-degenerate  negative  resistance  paramp.  That  is,  the  signal,  pump,  and 
idler  frequencies  are  related  by 


A  circulator  is  required  to  separate  the  input  and  output  signals.  Unless 

cooled  to  cryogenic  temperatures,  this  circulator  can  be  a  major  source  of 

thermal  noise. 

There  are  several  problems  with  this  type  of  Josephson  junction  paramp. 

First,  it  is  difficult  to  manufacture  reliable  arrays  of  Josephson  junctions. 

Second,  the  gain  of  the  device  is  critically  dependent  on  pump  power.  Third, 

the  device  is  extremely  noisy.  The  mixing  efficiency  is  such  that  even  small 

quantities  of  wideband  thermal  noise  at  the  input  will  saturate  the 
B— 2 

amplifier.  There  are  also  several  nonthermal  mechanisms  by  which  noise  is 

generated.  These  are  difficult  to  understand,  but  are  apparently  a  result  of 

instabililities  inherent  in  the  sin*  nonlinearity  of  the  Josephson 
B"*8 

effect.  All  things  considered,  this  amplifier  does  not  look  very  promismc 
There  have  been  attempts  to  use  other  modes  of  amplification  fi.e..  «  •. -c 
degenerate  and  nongenerate) .  These  have  not  been  investigated  as  imc  » 
doubly  degenerate  case,  but  it  is  unlikely  that  they  will  he  • 

better.  For  a  more  complete  review  of  these  and  other  »  • 

devices,  the  reader  is  referred  to  the  review  article  »  ■  « 
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APPENDIX  C 

FABRICATION  OF  SUPERCONDUCTING  TUNNEL  JUNCTIONS 


In  connection  with  the  study  of  parametric  effects  described  in  Appendix  B, 
a  preliminary  investigation  was  made  into  methods  of  fabricating  tunnel 
junctions.  In  addition  to  experiments  done  using  conventional  thin  film 
techniques*  a  novel  technique  was  investigated  for  fabricating  tunnel  junctions 
on  anodically  oxidized  bulk  tantalum.  This  technique  involved  the  development 
of  various  processes  which  may  be  of  use  to  future  researchers.  The  processes 
include  the  construction  of  a  simple  photolithography  facility,  techniques  of 
electropolishing,  and  the  use  of  anodic  oxide  films.  This  appendix  is  a  brief 
description  of  the  tantalum  tunnel  junctions,  followed  by  a  review  of  these 
techniques . 


TANTALUM  TUNNEL  JUNCTIONS 

The  motiva-ion  behind  the  use  of  the  bulk  tantalum  for  tunnel  junctions  was 
the  need  for  a  simple-method  of  making  temperature  recyclable  tunnel  junctions. 
The  major  difficulty  in  fabricating  tunnel  junctions  using  thin  film  techniques 
is  in  maintaining  reproducible  conditions  for  the  evaporation  and  oxidation  of 
the  junction  electrodes.  And  v.ven  when  successful  junctions  are  made,  they 
often  fail  to  work  after  one  or  more  recyclings  to  helium  temperature. 

Valve  metals  such  as  niobium*  tantalum*  and  aluminum*  are  noted  for  their 
robust  oxides.  Of  these  metals*  only  aluminum  can  be  evaporated  easily.  But 
its  transition  temperature  is  too  low  for  it  to  be  used  easily  in  a  standard 
helium  4  system.  Niobium  and  tantalum  have  transition  temperatures  above  4.2k* 
but  must  be  RF  sputtered  or  evaportated  using  an  E-beam. 
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It  is  quits  easy  to  put  thin  oxide  layers  onto  either  tantalus  or  niobium 

using  anodic  techniques.  The  thickness  can  be  controlled  precisely  without  the 

need  for  expensive  equipment.  This  suggests  the  use  of  anodic  oxide  films  for 

tunnelling  barriers  in  Josephson  junctions.  Since  no  RF  sputtering  or  E-bean 

equipment  was  readily  available*  it  was  necessary  to  use  bulk  naterlal.  Fron  a 

metallurgical  point  of  view*  this  was  nore  satisfactory  than  the  use  of  thin 

filns  anyway.  Thin  filns  don't  always  superconduct  at  low  temperatures,  and  an 

electropolished  surface  can  be  better  than  that  obtained  by  sputtering  or 
C-l 

evaporation.  The  nain  disadvantage  of  using  bulk  naterial  is  the 

difficulty  in  naking  a  snail  area  junction  without  resorting  to  point  contact 

techniques.  A  way  around  this  problen  was  found*  but  the  resulting  junctions 

had  an  inherently  high  shunt  capacitance.  The  use  of  the  substrate  as  one  of 

the  electrodes  of  the  junction  limits  the  technique  considerably  in  terms  of 

nultlple  junction  applications.  However*  the  nethod  nay  prove  useful  for  sene 

applications*  and  the  preliminary  results  are  described  below.  In  the 

experiments,  tantalum  was  used.  It  was  readily  available*  a-vd  there  is  a  wealth 

C-2 

of  information  about  its  anodic  oxidation. 

The  procedure  for  making  a  tantalum  tunnel  junction  starts  with  preparation 
of  the  tantalum  by  electropolishing.  This  serves  to  smooth  the  surface*  and  to 
remove  any  oxide  or  impur  present.  The  sample  is  then  anodically  oxidised 
to  put  an  insulating  layer  »  ^5  approximately  1000  Angstroms  thick  on 

the  surface.  However*  part  of  the  surface  is  shielded  by  a  thin  strip  of 
photoresist  during  this  process.  The  photoresist  is  removed  with  acetone 
afterwards*  leaving  a  canyon  in  the  TSjOg.  Th*  bottoa  of  this  canyon  is 
then  anodised  to  an  oxide  thickness  of  between  10  and  50  Angstroms.  Finally*  a 
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tin  or  lead  counterelectrode  is  evaporated  at  right  angles  to  the  canyon. 
Overall/  the  system  looks  like  a  tantalum  electrolytic  capacitor.  But  the  oxide 
layer  at  the  bottom  of  the  canyon  is  sufficiently  thin  that  Josephson  tunnelling 
can  occur  there. 

Figure  C-l  shows  the  I-V  characteristics  for  two  representative 
tantalum-tin  junctions/  along  with  a  sketch  and  an  enlarged  photograph  of  the 
junction.  In  the  photograph/  the  canyon  in  the  oxide  is  visible  as  the  lighter 
region  of  the  substrate.  The  tin  counter-electrode  is  the  almost  vertical  line 
running  through  the  center  of  the  picture. 

The  two  I-V  characteristics  both  exhibit  a  DC  supercurrent/  but  are  quite 
different  in  other  respects.  To  verify  that  the  Josephson  effects  are  really 
what  are  being  observed/  it  would  be  useful  to  radiate  the  junctions  with 
microwaves  and  look  for  step  behavior.  Unfortunately/  it  was  not  possible  to  do 
this  at  the  time  the  measurements  were  made.  However/  the  presence  of  what 
appears  to  be  energy  gap  structure  in  the  second  I-V  characteristic  suggest  that 
tunnelling  is  indeed  occurring. 

Other  samples  were  tested,  with  similar  results.  However,  it  wasn't 
possible  to  correlate  the  junction  characteristics  with  the  oxide  thickness  and 
junction  area  from  the  small  number  of  samples  that  were  tested.  The 
development  of  this  technique  was  discontinued  in  favor  of  researching  the  high 
frequency  analogue. 

MISCELLANEOUS  TECHNIQUES 
1.  ELECTROPOLISHING  OF  TANTALUM. 

A  mixture  of  nine  parts  concentrated  sulphuric  acid  and  one  part  40 
percent  hydrofluoric  acid  is  used  as  the  polishing  solution.  Either  a  platinum 
or  carbon  anode  can  be  used,  and  the  tantalum  is  polished  for  between  10  and  15 
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FIGURE  C-1  CURRENT-VOLTAGE  CHARACTERISTICS  OF  A  TANTALUM-TIN  TUNNEL  JUNCTION 
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minutes  at  a  currant  density  of  100  aA/ern.  It  is  Important  to  keep  the 
teaperature  of  the  solution  at  between  35  and  45  degrees  centigrade#  and 
stirring  of  the  polishing  solution  is  essential.  To  accomplish  this#  the 
plastic  beaker  of  EF/E^O^  is  placed  in  a  crystallising  basin  filled  with 
water#  which  is  then  placed  on  a  magnetic  stirrer.  The  water  is  heated  with  a 
small  immersion  heater.  (Hot  plates  are  not  very  good  for  temperatures  this 
low.)  The  immersion  heater  is  switched  on  and  off  as  required. 

As  polishing  progresses#  a  diffusion  layer  in  the  form  of  a  white  film  will 
appear  on  the  tantalum.  This  must  be  rinsed  off  promptly  after  the  sample  is 
removed#  or  it  is  apt  to  stick. 

Etching  of  the  tantlum  is  sometimes  preferred  to  polishing.  Ho  electric 
currents  are  used#  and  the  tantalum  is  simply  immersed  in  a  combination  of  € 

parts  40  percent  HF#  2  parts  98  percent  B2S04f  11114  1  part  70  Percent 

C-3 

HNOj.  with  a  large  sample,  the  resulting  chemical  reaction  is  spectacular. 

After  polishing  or  etching#  the  sample  should  be  rinsed  thoroughly#  and 
then  leached  in  boiling  water  for  10  to  30  minutes.  This  last  step  removes  a 
leftover  residue  from  the  surface  of  the  tantalum.  This  residue  will  reduce  the 

C— 2 

adhesion  of  any  oxide  layers  subsequently  placed  on  the  surface. 

Figure  02  shows  a  photograph  of  a  sample  of  tantalum  after  various 

treatments.  The  first  photograph  shows  the  original  surface  finish  of  some 

tantalum  sheet.  Horizontal  rolling  marks  are  visible.  The  second  photograph 

shows  the  effect  of  etching  the  sample.  The  rolling  marks  disappear#  and  grain 

boundaries  become  apparent.  The  third  photograph  shows  an  electropolished 

surface.  The  sample  appears  quite  dull#  as  there  are  few  imperfections  for 

light  to  diffuse  from.  The  "orange  peel”  structure  of  the  surface  is  typical  of 

C— 2 

electropolished  tantalum.  The  last  photograph  shows  the  effect  of 


NSWC  MP  81-519 


ORIGINAL  MATERIAL 


ETCHED 


POLISHED 


PITTED 


FIGURE  C-2.  PREPARATION  OF  BULK  TANTALUM 
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polishing  at  too  high  a  currant  density.  Largs  chunks  of  material  are  removed 
at  once*  resulting  in  a  pitted  surface. 

When  working  with  hydrofluoric  acid,  it  is  essential  that  adequate  safety 
precautions  be  observed,  this  means  always  using  a  fume  cupboard,  being 
extremely  carful  not  to  spill  or  splash  HF  or  other  acids,  and  wearing  gloves 
that  can  stand  up,  at  least  temporarily,  to  the  acids  involved.  Many  types  of 
gloves  are  not  adequate.  Concentrated  sulphuric  acid  will  go  through  almost  any 
type  of  glove  given  time.  HP  will  not  go  through  neoprene,  but  neoprene  gloves 
are  prone  to  tearing.  Rubber  gloves  are  quite  a  bit  stronger,  but  less  HP 
resistant  and  more  prone  to  pinholes.  What  type  of  gloves  one  should  use 
depends  on  the  particular  nature  of  work.  But  in  any  event,  gloves  must  be 
regarded  as  short  tern  protection  only.  Proper  first  aid  supplies  should  be 
available  (i.e.,  calcium  gluconate  gel  for  HP  burns),  and  one  should  be  familiar 
with  proper  first  aid  treatment.  It  should  be  realised  that  the  average  medical 
doctor  may  not  be  familiar  with  the  treatment  of  HP  burns,  and  that  it  is  up  to 
the  experimenter  to  ensure  that  adequate  preparation  has  been  made  to  cope  with 
an  accident.  An  extremely  thorough  set  of  guidelines  for  the  use  of  HP  is 
available  from  Hast  Anglia  Chemicals,  and  probably  from  any  other  chemical 
supply  company. 

2.  PHOTOLITHOGRAPHY. 

The  basic  requirements  for  photolithography  are  a  room  shielded  from  white 
light,  a  photoresist  spinner,  some  means  of  baking  the  resist,  and  a  bright 
light  for  exposing  the  resist.  A  sink  and  some  beakers  are  sufficient  for 
handling  the  various  chemicals  and  developing  solutions.  For  masks,  it  is 
possible  to  use  anything  from  a  commercial  mask  to  a  metal  frame  with  an 
appropriate  pattern  drilled  through  it. 


C-7 


NSWC  MP  81-519 

for  the  photolithography  work  dona  by  the  author,  no  special  equipment  was 
purchased.  The  spinner  was  made  frosi  a  sixty  pence  DC  no tor  run  by  a  variable 
power  supply.  Speeds  between  100  and  3000  RPM  were  easily  obtained,  and  the 
substrate  was  held  in  place  with  double-sided  tape,  The  resist  was  baked  under 
an  infrared  heat  laap,  and  exposed  using  an  overhead  projector  lamp.  A  safe 
light  was  made  by  covering  fluorescent  laap  with  a  green  gel. 

The  basic  cbeaicals  needed  are  the  photoresist,  developing  solution,  and 

acetone.  The  first  two  iteas,  along  with  instructions  for  their  use,  were 

C— 4 

obtained  froa  Shipley.  Depending  on  the  details  of  the  work  being  done, 
various  etching  solutions  aay  be  needed,  but  these  are  easily  obtainable . 

To  put  a  photoresist  stencil  onto  tantalus,  the  following  procedure  was 
used.  Shipley  AZ  1350H  photoresist  was  spun  onto  the  substrate  at  1500  RPM  for 
30  second.  The  saaple  was  baked  for  approx iaately  10  minutes  at  40-75  degrees 
centigrade.  Exposure  times  were  adjusted  so  that  the  pattern  in  the  resist 
could  be  developed  in  2  minutes  using  a  50  percent  dilution  of  Shipley  AZ 
Developer  with  water.  This  criterion,  suggested  by  the  manufacturer,  usually 
meant  an  exposure  time  of  3  to  5  minutes  using  a  300  watt  projector  lamp 
6  inches  from  the  substrate.  Line  widths  of  25  microns  were  achieved  with  no 
difficulty,  and  it  seems  likely  that  significantly  better  resolution  could  be 
easily  obtained.  Dust  was  not  a  problem,  even  though  no  attempts  were  made  to 
eliminate  it.  To  remove  the  photoresist  after  processing,  it  is  sufficient  to 
wash  the  substrate  with  acetone.  All  things  considered,  the  use  of  photoresist 
was  surprisingly  successful. 

3.  ANODIC  OXIDATION  OP  TANTLOM 


This  is  relatively  simple.  The  tantalum  is  used  as  the  anode  in 
electrochemical  cell.  The  electrolyte  is  a  .03  percent  citric  acid  solution. 
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and  the  cathode  is  either  gold  or  platinum.  For  tantalum,  it  is  often  assumed 
that  17  Angstroms  of  Ta2Og  wil1  for*  £or  ®very  volt  of  applied  potential. 

This  is  an  over-simplification,  but  is  a  good  indication  of  the  potential  that 
one  should  apply  to  achieve  a  given  oxide  thickness.  To  determine  the  oxide 
thickness,  both  capacitance  and  charge  measurements  were  performed.  For  the 
latter,  the  electric  current  as  a  function  of  time  is  plotted  while  the  sample 
is  being  anodized.  The  thickness  of  the  oxide  will  be  proportional  to  the  net 
amount  of  charge  passed  (i.e.,  the  area  under  the  current  vs.  time  curve.)  A 
complete  discussion  of  the  anodic  properties  of  tantalum,  niobium,  and  other 
metals  is  in  the  textbook  by  Young.*"""2 


C-9 


4. 


REFERENCES 


C-l.  Evans,  D. ,  Hirst  Research  Centre,  Wembley,  England,  private  coamunication. 
C-2.  Young,  L.,  Anodic  Oxide  Films,  Academic  Press  (1961). 

C-3.  Tegart,  W.  J.,  Electrolytic  and  Chemical  Polishing  of  Metals,  Pergamon 
(1956) . 

C-4.  Shipley  Chemicals,  Ltd.  Coventry,  England. 


r 


NSWC  MP  81-519 


APPENDIX  D 


LOW-PASS  FILTER  CONSIDERATIONS 


Several  different  low-pass  and  notch-type  filter  networks  have  been 
used  In  the  various  versions  of  the  analogue.  The  single  pole  RC  and 
three  pole  Butterworth  filters  have  been  discussed  previously  (cf.  sec.  3.3). 
The  four  pole  Butterworth  is  similar  to  the  three  pole,  except  that  it  has 
a  steeper  high-frequency  rolloff  and  larger  cosine  phi  amplitude  for  a 
given  half -power  frequency. 

To  reduce  the  cos  phi  amplitude  while  maintaining  good  rejection  at  the 
second  harmonic  of  the  local  oscillator  frequency,  it  was  decided  to 
investigate  the  use  of  notch  filters.  The  twin-T,  which  is  a  well  known 
notch  filter,  was  used  in  an  improved  version  of  the  RSJ  analogue .  Its 
transfer  function  is  given  below,  and  is  plotted  in  Figure  D-la.  A 
schematic  of  the  filter  is  shown  in  Figure  D-lb.  For  the  twin-T, 


2  3 

1  +  s  +  s  +  s 
1  +  5s  +  5s3  +  s3 


(D— 1) 


where  s  *  ju/<oQ,  and  <i)Q  is  the  notch  frequency  of  the  filter  (as  opposed  to 
half-power  frequency).  Note  that  F(s)  ■  0  when  s  -  1,  and  that  |f(s)| 
never  exceeds  1.  The  latter  point  is  essential  if  the  filter  is  to  be  realized 
using  only  passive  components. 

The  equivalent  cos  phi  amplitude  of  the  twin-T  is  found  by  expanding 
F  (s)  for  s  «  1.  We  have 


F  (s)  “  1  -  4s 


(D-2) 


From  equations  3-13  and  3-14,  the  equivalent  cos  phi  asp litude  will  be 


(D-3) 


l 

( 


D-l 
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as  compared  with  y  »  “uj/“0  the  RC  filter. 

fj.  is  the  Josephson  frequency  2eIjR N/h,  and  is  typically  1570  Hz 
(ir/2  tines  the  gap  frequency,  in  the  case  of  the  high-frequency  analogue) . 
Note  that  f Q  is  the  notch  frequency  of  the  filter,  which  is  twice  the 
local  oscillator  frequency.  For  the  RC  and  other  low-pass  filters,  fQ 
corresponds  to  the  half -power  frequency,  which  of  necessity  is  a  factor  of 
three  to  ten  below  the  local  oscillator  frequency.  Thus  for  the  twin-T, 
the  factor  of  4  increase  in  the  nunerator  of  (D-3)  over  the  RC  case  is 
offset  by  a  comparable  increase  in  fQ. 

As  an  improvement  to  the  twin-T,  a  notch  filter  was  designed  with 


F(s)  - 


1  *  s  +  s2  +■  s3 


1  ♦  s  ♦  5s2  +  s3 


(D-4) 


Note  that  the  low  frequency  phase  shift  is  zero  to  second  order. 

However ,  the  notch  at  s  *  1  is  degraded  somewhat  from  the  twin-T  case, 
and  |  F  (s)  |  can  now  exceed  1.  This  is  plotted  in  Figure  D-lc. 

As  discussed  in  section  8.5,  this  new  filter  requires  active  components 
As  the  filter  must  operate  at  frequencies  that  are  large  by  op  amp 
standards,  careful  thought  had  to  be  given  to  the  design  problem. 

By  expanding  F(s)  as  a  series  of  partial  fractions,  the  response  can 
be  rewritten  as  the  sum  of  three  second  order  responses,  which  are 
implemented  using  the  circuit  shown  in  Figure  8-1.  The  signals 
corresponding  to  the  individual  response  functions  are  summed  using 
standard  pp  amps.  The  circuit  is  intentionally  designed  so  that  the 
limited  performance  of  these  op  amps  affects  each  filter  section  in  an 
identical  manner.  Although  the  shape  of  the  actual  response  function 
is  modified  by  the  limitations  of  the  op  asps,  there  is  still  a  notch  at 
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s  •  1.  Mathematically,  the  overall  response  of  the  filter  can  be 
written  as 

G(s)  -  H(s)F (s)  (D-5) 

where  F(s)  is  given  by  D-4,  and  H(s)  is  determined  solely  by  the 
properties  of  the  op  amps.  Note  that  for  low  frequencies,  the  op  amps 
will  have  near-ideal  behavior,  and  H(s)  will  equal  1.  Provided  that  H(s) 
at  high  frequencies  doesn't  distort  grossly  the  shape  and  width  of  the 
notch,  the  op  amp  limitations  will  not  affect  the  overall  performance  of 
the  analogue. 

The  next  step  is  to  investigate  the  properties  of  H(s).  To 
minimize  noise  pickup  and  prevent  instabilities,  op  asps  are  frequency 
compensated  with  a  capacitor.  This  results  in  an  individual  op  amp  having 
an  open  loop  response  similar  to  that  of  a  single  pole  RC  filter,  with 
the  gain  of  the  op  amp  given  by 

A0 

A(s)  -  m  +  B  (D-6) 

where  s  -  ju. 

The  DC  open  loop  gain  of  the  op  amp  is  AQ/B,  and  is  typically  200,000 

for  the  741  type  op  amps  used  in  the  analogue.  The  frequency  at  which 

|A(s) |  ■  1  (e.g.-  the  unity  gain  bandwidth)  is  of  the  order  of  1  MHz.  Thus 
£ 

Aq/2*  *  10  ,  and  B  *  2n  x  5.  This  shows  that  the  open  loop  half -power 
bandwidth  of  a  741  is  typically  5  Hz. 

The  magic  ingredient  to  an  op  amp  circuit  is  feedback.  For  example, 
an  op  amp  voltage  follower  (cf.  Figure  D- 2a)  has  a  transfer  function 
given  by 
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0.  SUMMING  AMPLIFIER 

FIGURE  0-2.  OP  AMP  CONFIGURATIONS  USED  IN  THE  ANALOGUE 
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K(S) 


Vout  _  1 

Vin  1  *  1/A(*) 


A0  +  •  +  B 


(D-7a) 


Sine*  Aq  »  B, 


K(s) 


A0  +  * 


(D— 7b) 


Thus  the  half-power  bandwidth  of  the  voltage  follower  is  equivalent  <w 
to  the  open- loop  unity  gain  bandwidth  of  the  op  amp.  In  general,  the 
gain-bandwidth  product  of  the  op  asp  remains  constant.  By  using  feedback 
to  decrease  the  gain,  the  bandwidth  is  increased.  In  the  case  of  the 
voltage  follower,  the  feedback  causes  a  factor  of  200,000  decrease  in 
gain,  and  a  corresponding  increase  in  bandwidth. 

For  the  Inverting  amplifier,  shown  in  Figure  D-2b,  the  transfer 
function  is  given  by 


L(s) 


*2 

*4. +  (Ri +  V/A(,) 


(D-8) 


This  can  be  generalised  to  the  summing  amplifier  used  in  the  low-pass 
filter  (cf.  Figure  D-2c)  in  the  following  manner.  First,  is  set  equal  to  the 
value  of  the  parallel  combination  of  the  multiple  input  resistors.  For  a 
three  input  summing  amplifier  having  unity  gain,  this  gives 

L(,)  "  1  +  4/A(s)  *  Aq  +°4s  (D”9a) 


Next,  the  gain  must  be  renormalised  to  1,  so  that 
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L  (s) 


Aq  +  4s 


(D-9b) 


This  is  only  an  ad  hoc  technique  that  has  not  bean  fully  justified 
on  a  theoretical  basis.  However,  it  seems  to  suit  the  purpose  at  hand. 
Continuing ,  we  have  for  the  op  amp  network  in  Figure  8-1, 


B(s) 


A_  ♦  4s 


(D— 10) 


idiere  s  -  ju. 

To  cospute  the  overall  response  of  the  low  pass  filter,  it  is 
necessary  to  normalise  s  to  the  notch  frequency  of  the  passive  network. 

As  an  example,  consider  a  low  pass  filter  designed  with  a  notch  frequency 
of  200  kHz.  The  unity  gain  bandwidth  of  the  741  type  op  amps  used  in  the 
buffer  and  sunning  circuits  was  measured  to  be  approximately  815  kHz. 
Renormalizing  B(s)  such  that  s  ■  j •  where  is  the  notch  frequency 
of  the  filter,  we  have  an  overall  transfer  function  given  by 


.  1  +  s  ♦  s2  +  s3  4.075  4.075 

x;^-r 


4s 


(D-ll) 


This  is  plotted  in  Figure  D-3,  along  with  the  original  F(s).  Data 
obtained  from  an  actual  filter  having  the  par Meters  used  above  is  plotted 
as  well.  Kota  that  the  low-pass  effect  of  the  op  amps  enhances  the  notch. 

Xn  addition,  equation  (D-ll)  indicates  that  the  low  frequency  phase  shift, 
and  hence  the  cos  phi  amplitude,  is  determined  primarily  by  the  op  amps, 
whereas  the  notch  frequency  is  determined  by  the  passive  components. 
Unfortunately,  this  is  not  quite  the  case  in  practice.  Careful  measurements 
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FIGURE  0-3.  MEASURED  RESPONSE  OF  THE  IMPROVED  NOTCH  FILTER 


NSWC  MP  81-519 


at  low  frequencies  indicate  that  the  primary  source  of  phase  shift  is  due 
to  component  inaccuracy  in  the  passive  network.  Nevertheless,  the  filter 
described  above  represents  a  significant  improvement  over  previous  filters 
used  in  the  analogue. 
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